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STATISTICS (PAPER-I}

Time Allowed : Three Hours Maximum Marks : 250

QUESTION PAPER SPECIFIC INSTRUCTIONS

(Please read each of the following instructions carefully before attempting questions)

There are EIGHT questions divided in two Sections and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Question Nos. 1 and S are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE question from each Section.

The number of marks carried by each question/part is indicated against it.

Answers must be written 1in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the

space provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.
Unless and otherwise indicated, symbols and notations carry their usual standard meanings.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted even if attempted partly. Any page or portion of the page left blank
in the Question-cum-Answer Booklet must be clearly struck off.
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"HUVs—A / SECTION—A

1. (a) THH fifvam aafd =1 29 vfase e TR U A fifzd R 3 W ¥ v 9 uE sty w A

T AT 1T ST R | T4 w0E0 A 90% an we em ww B 2w rd hifsie
a8 =Afth IRad ° o ®, 59 5 7 @ fR

(i) B 9eTn Ry §,

(i) Had T e Freggreas 2)

Ten percent of a certain population suffer from a serious disease. Two

independent tests are given to a person suspected of the disease. Each test

gives a correct diagnosis 90% of the time. Find the probability that the person
really suffers from the disease, given that—

() both tests are positive:

(i) only one test is positive. 10

(b) AT e 6 X wifiear a9 wem

(¢}

Iy
O | HAGA

J{(x) =

AT B G0 AR5 R ¥ Y = X2 51 6] sz Bem 3R MFar 99w SIcCIE g

Let X be a continuous random variable with the probability density function

2/x2 if 1<x<?
f{x) = /0

, elsewhere

Find the cumulative distribution function and the probability density function
of Y = X2,

10
HH AN f6 (X, ) WE ot gdun w9 ¥ 9f agf~3F W F TH W IFE 2, Rigw
AT WHHaT Fead
3
P[X =-n]=P|X =n|= > H=El 2
nin?
¢ Wi R T (X, ) (1) e ses ¥ gaw g sin (i) I8q F&TT & gt Fgg =+
ITeAd oG 2 |
Let {X,} be a sequence of independent and identically distributed random
variables with common probability function
P[X =—n]=P[X =n] = 23 S on=12 -
m°n
Check whether { X ) obeys the (i) strong law of large numbers and (ii) weak law
of large numbers. 10
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(d) T AT 6 xq, xz,---,xn,Wa-%ﬁnm%%aﬁawwﬁw: si2d,

n 940 21 0 % Aiusay gwifaar swa® (MLE) 1 3914 ®Y 719 $I19¢ | GadTua Hifse T
2V, 447, ~1 5 4| 42V, +1
O 6
<l MLE ®, S8l Y, =Min X; {R Y, =Max X .
L {

Let xy, x5, -+, X,, be n observations, each independently uniformly distributed
between 06 —é and 9+?12-‘ Find a general form of maximum likelihood estimator

(MLE) of 8. Verify that

2Y, +4Y, -1 ] 4Y; +2Y, +1
6 6
are both MLEs, where Y, =Min X, and Y, =Max X, 10
! I

(e) "R diffe f& 0 0 W wwEam ¥uf® ¥ X, X,, -, X, T dgse Wiaey & 3R
M =Max (X;, X,, -, X, )2 zaise & M, 6 %1t 1f47a 5g & ATl ¢!

Let X, X5, -, X, be a random sample from uniform population over (0, 6)
and let M =Max(X,, X,, -, X,,). Show that M 1s a biased but consistent

estimator of 6. 10
2. (@) "R e & X, X,, -, X, WREd e9@ w1 fy(x) 9 ol weq ¥ SWdma: 3
guEyd: |@fed d5o 81 ARk Y = g(X), X, oo, X,), 0 RIg I 3TheH g, @
1
varg (Y) 2 = e
d
nk —lo
9 (89 gfe(x))
7 EHd] 1 T4 Yidesi 7188 i Wl 924 & 98] &1 ThaEH [HHaH Y90 SENHEG HTehds
ZeH % Tore i |
Let X;, X,, -, X, be independently and identically distributed observations
from a distribution with probability density function  fg(x). [If
Y =g(X;, X5, -+, X,) 1s an unbiased estimate of 8, then
|
var, (Y) = - S
%,
nkEayll —lo
0 (89 gfﬂ(X])
Use this inequality to show that the sample mean 1s a uniformly minimum
variance unbilased estimator of mean of a Poisson distribution. 20
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(D)

(c)

(a)

AT FEAAL F wgd AATEy st aum fug ff £ Hqqua A gAY Ryg Hifee

(i) P| X 5% f_:-i AN (i) P{X 220 < |, A x #d e aEfea 1 7 SmF 3 s
A

—

TEOT ST A F SOE B

State and prove Chebyshev’s inequality. Hence or otherwise, prove that
— 1 4 . : . . L *
(i} P XE% fé—}— and (1) P[X 2 2] ﬂ—}]:, if X 1s any positive random variable

having both mean and variance equal to A.

= 9ge@ W (q + b) Guifad gaaraist B @ g iy
oifsa &5 iy + adiEm & fom 9gma 1 3=

d % 98 0 3N b(b < a) T0F favzg B om
& fqufor 8 9 goam Sl 2w =

(@ + b) BETEd HAeT@is 0 & nn < b) IEsF @

T Hd 54 A8 A4 e, 9 #=1 uiaEa &

SN T F foreg ® g S

In a community of (a+ b) potential voters, a are for abortion and b(b < a) are
against it. Suppose that a vote is taken to determine the will of the majority
with regard to legalizing abortion. If n{n < b) random persons of these (a+ b)

potential voters do not vote, what is the probability that those against abortion
will win?

Xy, T ek g PR dF A dEeed wooRE A e @ Jagplar @ w5 99 8 A X,
Hamged o dge | 1@ ufE 3§ sden =1 w3 (X, > X5). (X, X,) o 9F Wigsar T3
theld

[
e 1

0,

O<x, Sx; <00

S Xy, x5} =+ -

S0 I TR Y, =X, + X, Y, =X, - X, W)y, s Y, @& 9gw Wifgsar =

FeA U IR Y, ¥Ry, mam ' 9 90 17 R0 aaqren

X 1s the time that a customer takes from getting on line at a service desk in a
bank to completion of service and X, is the time to wait in line before reaching
the service desk (X, > X,). The joint probability density function of (X, X5) 1s
given by

R
e -l

O,

O xy £X € o0
f(x1:x2):4 < l

elsewhere

LetY, =X, +X, and Y, = X, - X 5. Find the joint probability density function of
Y| and Y,. Are Y, and Y, independently distributed? Give reason.

STH-P-STS0 ] 40 4
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(b) WA ASU TE X, X5, X, 3 X, @Waa R gueud: 9fd qigfedd® W B 3R IAF
T d] Fcd HeAd

r3(1—x)2, O xx l

Jix)=-
0 , ™

81Y =Min (X, X,, X5, X,) ¥ Tt 929 $em 3k wilmar g9ea wed 1a S

Let X}, X,, X3 and X, be independent and identically distributed random
variables each having probability density function

31-x2, O<x<l
flg=3t-x

O ., otherwise
Find the cumulative distribution function and probability density function of

(c) reHrUE-fardE wam wgE Fa g Fuffa S f5 ®=n 9R Be o gfesd s
Med 4 Jre 9TaTeh) &29 8 31U 2 | Tidest § Jaqoy 8

07, 55, 57, 43, 0:8, 1'1, 51, 49, 2:0, 39, 53, -2 58, 6:0

(RN R, Dy5 .05 =0-361, Dys g.05 =0-349, Dis .05 =0-338)

Using Kolmogorov-Smirnov test, determine whether the sample data given
below come from an exponential distribution with mean 4. The observations in
the sample are

07, 55, 57, 43, 0:8, 1{{5 1 mal B9 5.3 42 12, 98, 60

[Given, Dl?t, 005 =0361, D14, 0-05 :0349, D]-S, 0-05 e 0'338) 15

4. (a) WA X, X, -, X, T @ "G H qTgi=ed Tiaeyl &, @ TRl 99 as

fl=06x""1 0<x<1, 650

¢l 6 % sftekan Awifam sFas (MLE) 3t ~[Han qow sMfira seei® (MVUE) T8

ifsu |

Let Xy, X5, -, X,, be a random sample from a distribution with probability
density function

f[x]:Bxe*l, O<x<l, 8>0

Find the maximum likelihood estimator (MLE) and minimum variance
unbiased estimator (MVUE) of 6. 20
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(b) =l ARfer® W X, v W N, 1) #5 HLE A A, A Y = o)y g e
(X}
hINT, FET @ 3R o, AHE T Fo3 N©O 1) % #a9: 9=} €29 B i qifasd) woeq
Teid 1 e F@ 2

[f the random Variable X follows normal distribution N, 1}, then find the

- (X)

expectation of ¥ = — o(X) where @ and ¢ denote the curnulative distribution

function and probability density function respectively of N(O, 1), the standard
normal distribution. 15

(c) WW%XI, Xy, -, X, 9EER wH3, fﬁﬂqalmwuaﬂimzs%,ﬂ%mﬂm@
Tgt=oF Tfaedl 81 n =16 % wiesl smim % fyw st qum YA TRFHT Hy =5 &,

qgh Jfcus giheqiad (i) Hydu >S53a9 (1) Hy :u <5 faeg, waw ¥ fou vammms:
IHAR (UMP) 9dieqor 3T shifsqe |

Let X, X,, -, X, be a random sample from a normal population with mean L
and variance 25. For a sample size of nn = 16, find the uniformly most powerful
(UMP) test for testing the simple null hypothesis Hy :u =35 against the
composite alternative hypotheses () HigWw>8 and [ Tin: 1< 5. 15

EYUs—B / SECTION—B

S (@) Yy, Yy, Y3, Y, W @Waw w § = E(Y])=E(Y;)=6, +65 +0,,

EX)=E(Yy)=8; -6, 3M V(¥,)=02 (1=1,23 4 % fTT) | geafyd #ifse s =0

61 +63 R 6, +6; +0, AHaA ¥ A W 2, D I BLUE 7w #1571 BLUE %

gaon &1 oft wre Hifs)

Yy, Yy, Y5, Y, are four mdependent variables with E )=E(Y;)=6, +8, +8
E(Yy)=E(Y,) =6, —-08, and V(Y;) = (f{JI‘ 1=1,2, 3, 4). Verify whether 0, +8

and 6, +8; +6, are estimable. If so, obtain their BLUEs. Also obtain the

variances of the BLUEs. 10

(b) TH ST X =X, X, X3] 1 R ymmg ey Ny, )8, JE u’ =1, 1, 1] 3fn

= —,

y-

e S T G-
NN
W M

— —

TS T (X, - X,)° (X5~ X,)* FR- (chi-square) 24 W@ 8| @3] ) 0
F1 ey T |
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Let X =[X,, X5, X3]" have trivariate normal distribution
s = |y L 1) e

L) N =

11
2=12
1 2

=

N_;[J'la }’_:5

where

Show that (X, —Xl}2 +{X 3 —){2)2 has a chi-squared distribution. State the

degrecs of frecedom. 10
(c) Fica ThRiEEE agi=ss g9d Iiaar
Y, =pta; +ey, 1=1, 2, -, a; j=12 -, r
F fom, 57l @, ~ N(0, 65) Vi ¥R e, ~ NO, 62) Vi, j, 7, Z9miz0
P[éﬂ {O]:P[Fa{r—l], a-1 ::"1 +HT]
2
G{ﬁfz%.
GE’
For a balanced one-way random effects model
YU- :].l,‘i'a['"i"el"};, izlj 2,”',(1; j:L 2,“',r
where a; ~ N(0, 67) Vi and e; ~ N(0, 62) Vi, j, show that
Plog <0] = P[F eqy q-1 > 1+n01]
2
where 1t =- %
Cp 10
(d) I A<ITF W Tgf=aF Wa=add g0 10 TH-TFS 1 @vel I g1 8 3N ToF Ja@vs |
ugl F " (y) Tl 71 36 9@ gEROy % gai foa oft R, a8 9r gopl gemue & gl
YEUE W UZI hl &A1 (x) 1 ATHAT H YoHhd] 81 3@ TR w, =197 FI T 8 3 IiH )
TUATE H & GBI AAINAF ©, T A faiu w1 wmm g, F snFem & fag w2
HAlwg FATAREd 921 F4d © :
N =1000 (JgIUv HHWY), n =10 (SRS g1 formn mam)
y, = UH-UFE ITd @Ue W ardids Uei & fmfl, i=1, 2, -+, 10
x, = UcUF Y@UE i gATg SATohcls
y=22-10, x =20- 30
FUg | 2 3 & 5 6 7 8 3 10
JIEAaF Wﬂﬁm(m 25 15 22 24 1.3 18 35 30 10 29
ga']gfaqreﬁ;}:f()() 23 14 20 25 12 18 30 27 8 31
Tid we Uel @ $AEd A R IAHeH i 9% (2 T Treer i
| P.T.O.
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An 1nvestigator selects 10 one-acre plots by simple random sampling and
counts the number of trees (y) on cach plot. She also has aerial photographs of
the plantation from which she can estimate the number of trees (x) on each plot
of the entire plantation. Hence, she knows W, =19-7 and since the two counts

arc approximately proportional through the origin, she uses a ratio estimate to
estimate iy. The data yield the following

N =1000 (plantation size), n =10 (taken by SRS)
Y; = The actual count of trees in one-acre plots, 1=1, 2, ---; 10

x; = The aerial estimate for each plot

i =22.10, x =20- 80

Plot ] 2 3 4 5 6 7 8 9 10

Actual No. per acre (Y) 25 15 22 24 L3 18 39 30 10 29

Aerial estimate (X) 23 14 20 25 12 18 30 27 8 31
Estimate the average number of trees per acre and the standard error of the
estimate. 10

fe) ®gITd A WUeH HfwFey (BIBD) ® GFeual 1 avid Ffvul BIBD ¥ s feu
F-F WdF9 82 IRV =(1, 2 3 4,5 6, 7!, 7 TS GUeh T80 ToHa 89 3 8) 3R v 3
sagdl F1 T&F 0 d6-3F 1§ wres 3 7))
Explain the concept of balanced Incomplete block design (BIBD). What are the
conditions for existence of a BIBD? If V = 1,2 3,4, 5 6, 7}, then form a
number of blocks, each of order 3, such that each pair of elements in V is
contained in exactly one block. 10

(a) 1= TEErErY HeqR & AU vum fifsd gegaeg s s I fafed =X grer =1 wiw i -

—— —

1|2 o2
2 3 3

L2 2

2 3 3
p:

2 2| 1

3 3 2

= 21

3 3 2 1
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(D)

{c)

Obtain first canonical correlation and its associated canonical variable pair for
the following correlation matrix ;

1 | 2 2
g g 3
1 2 B
> 13 3

P =

22 1
3 3|+ 2
2 2 | 1
3 3|2 !

2915y 6 CB = 0 8 wiawfa ufaum y = XB +¢ U p 1 55T
Be =B-(x"x)'c'lcxx) e op
B, MR B=(X'"X) Xy
I W@ i y, nx1; X, nxk; B, kx1 3R C, gxk 2, faf #1f2 g < k 21

Show that in the model y = X +¢ subject to CB =0, the estimator of B is
Be =B-(X'x)7'C’lcxx) o) ch

where B:(X')Q_IX’y‘

Note here that yi1s nx1, X is nxk, § is kx1 and C is gxk of rank g < k.

qZ-3TRH A SR TS T THA-3ER e 3 95 F1f570) 9g-3uer @ § g9 #1 F0n
aTead BY HERA I9TE R G F1 /1 F g Rl 9o F) @ awsig d s 27

Distinguish between a factorial experiment and a number of single-factor
experiments. What 1s meant by confounding in a factorial experiment? Why i1s
confounding preferred even at the cost of loss of information on the
confounded effects?

FHeg, Siasaa {9y 1 v S 3 36F 7o qen sy wd1g) o9 wulE A % seeeH ¥
icesl JE 61 SRS R w7 i3y ¥ wnag wiowmw, gy ufaems =1 w fagy e

F TFR ¢ |

Explain the method of systematic sampling and give its merits and demerits.
How do you estimate the sampling variance of the estimate of the population
total? Show how systematic sampling is a particular case of cluster sampling.

20

1S

Lo

20
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(b) "A AT fE o, =11 @, =12 Sem 2 aglee giEm X, e X, W fdr e, s fs
3afTE Geya AR Y wig wewad: faum mea giEen g, 99w, e S geHEeg 92
s arel gy &1 ufaed men giew 3N v gewnw erege i fan e g

% -1 ” 2 o 7 -1
N P R -+ R I B3
RAFTE wiiey gl D i e =1 taw fqfawa sem farfau) e s 998 o) @ n,

F1 A9 X, = (0, 1) Haa Hifu

Suppose 1, =11 and n, =12 observations are made on two random vectors
X, and X, which are assumed to have bivariate normal distribution with a
common covariance matrix 2, but possibly different mean vectors pu, and u,.
The sample mean vectors and pooled covariance matrix are

g =y =

= =] 2 7 -1
X :L_l_’ Ag 1 1 Spﬂﬂ]ﬂd :-_1 =

Obtain Mahalanobis sample distance D* and Fisher’s linear discriminant
function. Assign the observation X, =(0, 1) to either population 1, or n,. 143

(c) TR AN ™ yy =B, -Bs +ep, yp =Bz +ey AN y; =P, +B, +e;, T e, e, I ey
@dd 3R N(O, 62) & TY BHF F24 Igfeasd = el (2B; —B,) &l dalan WaF 31494
qFets (BLUE) uTd #£1fsw | =11 7 s aH=ies wom aheei 27

Let y, =By B, +€,, Y, =P3 +e, and y; =By +B, +e3, where e, e, and e;
are 11d N (O, 5 7). Obtain best linear unbiased estimator (BLUE) of (23; - ,). Is

this linear parametric function testable? 1.5

8. (q) TUF guag frEm &)\ e 5 safwar gr Ardt g off @R ferger aftomm e fog o R
=k
o A 3 & D E
(2 944 541 248 542 543
b 543 541 542 543 5-44
: 545 542 543 543 544

|
w1 (i) Tafim =aferall gro fore g At & si (o) B 1 sl 3 =8 el st B

Three sides of an equilateral triangle were measured by 5 persons with the
following results :

y Persons
Sides " B - D -
( 544 >4 ] 543 542 43
3 543 541 5-47 543 5-44
c 545 | 540 543 543 544
Is there any significant difference between (i) measurements by the persons
and (ii) the sides of the tnangle? 20
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{b} nﬁm%EmmmwwwpmWHZBU+[31X+E’%(W|&'@EQEE{TF§W
Hm:ﬂmzﬁﬂé?i(-’f:—f)zélmﬁﬁfﬂ,loﬁwﬁiaﬂmmﬁfﬂ@ Hws foed 2
=

Sy -0)° =3267, Yy =633, Sy2=423.49, T x =139, ¥ x7 =2239
f i' d i {

X 3R Y ¥ 9 g9eqF gedsey Od gU B, H STFGA i | g6h Ty gl Ui o o
TR =R |

Consider a simple regression model y =08, +p,x+e based on n observations.

e

% I
Show that the regression sum of squares 1s Bi?‘ Z(xl- —x)°. Suppose the
i1

summarized data on 10 observations yield

Yy -9)° =3267, Yy =633, Yyl =423-49, ¥ x; =139, Y x7 =2239
{ 1 1 ] 1

Estimate B, assuming positive correlation between X and Y. Also obtain
coefficient of determination. 15

(c) w|ufy Gqul ¥ gides-4Taga sfihei® (HTE) & T &1 Ssid o4cdd hifelg| $8 Aol
e T B 9T 3T el wfear 1 29 fifen) Tem-ud) e SAEesh J1d iy |

Derive the expression for the variance of Horvitz-Thompson estimator (HTE) of
population total. Point out the difficuity faced in estimating 1it. Find
Yates-Grundy variance estimator, 15

* W K
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