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Instructions

SINo. Section Name No. of Question Maximum Marks

1 Part A 15 30
2 Part B 25 75
3 Part C 20 95

1.) A total of 180 minutes is allotted for the examination.

2.) The server will set your clock for you. In the top right corner of your screen, a
countdown timer will display the remaining time for you to complete the exam. Once the
timer reaches zero, the examination will end automatically. The paper need not be
submitted when your timer reaches zero.

3.) There will, however, be sectional timing for this exam. You will have to complete each
section within the specified time limit. Before moving on to the next section, you must
complete the current one within the time limits.
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Part A

1. A31m x22m x 2.1 m block of granite is cut to have maximum number of (+2,-0.25)
3 m x 2 m sized slabs having thickness of 4 cm. These slabs are used to
make a 1.5 m wide pavement. What is the maximum length (in meters) of
pavement that can be made using these slabs?

a. 200
b. 236
c. 400

d. 440

2. Milk rises rapidly at boiling point because (+2,-0.25)
a. it becomes hotter than the vessel at boiling point
b. its temperature rapidly increases at boiling point

c. its bulk density rapidly decreases and it becomes more buoyant at
boiling point

d. its vapour pressure rapidly decreases at boiling point

3. In an examination, each of the two brilliant students got 100 out of 100 and (+2, —0.25)
each of the remaining six students scored less than 12. There is no
provision of getting negative marks. If N = Median score of the students
and M = Mean score of the students, which of the following is true?

a. M>2N

b. 3N/2 <M < 2N
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c. N<M<3N/2

d. From the above information nothing can be said about the
relationship between the Median score of the students and the
Mean score of the students.

4. Along the common radial direction from the center of two concentric (+2,-0.25)
circles of radii 100 m and 150 m, point A is on the circumference of the
inner circle and point B is on the circumference of the outer circle. The
points A and B start moving on the respective circles with a speed of 8
m/s, at the same instant, but in opposite directions. After how many
seconds, approximately, would they again cross each other along a
common radial direction?

a. 31
b. 37
c. 47
d. 53
~ ~
PR
5. ../> <\. (+2,-0.25)

Which combination of square tiles shown below can produce the given
pattern on the floor?

\ and /
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8. Fifteen females participate in a singles badminton tournament. If a player  (+2, -0.25)
is eliminated as soon as she loses a match, how many matches are
required to determine the winner?
a. 30
b. 29
c. 15
d 14
7. A box contains 3 white and 5 black balls. What is the probability of (+2,-0.25)

choosing 1 white and 1 black ball, if two balls are drawn at random, one by
one, with replacement?

a. 15/64
b. 15/32
c. 3/32

d. 3/28
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8. The first day of the year 2020 was a Wednesday. The first day of 2021 (+2,-0.25)
would be a

a. Wednesday
b. Thursday
c. Friday

d. Monday

9. The shaded circles having diameter of 1, 0.5, 0.25 and 0.125 cm are inside (+2, -0.25)
squares of side 1 cm. The ratio of shaded area in A and B is one. The ratio
of shaded area in C and D would be

A B
0.5
cm
C 1 D
0.5cm
a. 0.7
b. 1
c. 1.26
d 15
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10. Anisosceles triangle, ABC, is inside a square of side of 1 cm where AD = (+2, —0.25)
DB.
C
A D B
1cm

Which one of the following graphs represents cumulative area (cm?) of
the square and the triangle when moving from A to B?

@ 1.0

e Yquare

o 0.75

=

S 05 /

=

S 0.25 Triangle
a. A D B

@ 1.0

a»

= Square

o 0.75

=

S 0.5

g " riang|

(3 ' "
b A D B
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@ 1.0
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w 0.75

=

S 05

=

> 0.25 .

O Triangle
c. A D B

@ 1.0

o Yquare

w 0.75

=

S 05

£

= 0.25 :

O Triangle
d. A D B

1. The coding genes form a tiny fraction of about 2% of the total human (+2,-0.25)

genome. If the total human genome is written on a pack of 50 cards, the
number of cards corresponding to coding genes would be

a. One card
b. Two cards
C. Three cards

d. Four cards

12. Four locations A, B, C and D are along a straight road. Distance between A (+2, -0.25)
and C is 30 km. From A, a bus starts at 8 am to reach B, and another bus
from C starts at 8:30 am to reach D. The buses move away from A, in the
same direction with speed of the first being double of the second. They
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meet at 9 am, at a place covering 80% of the respective distances they
are to travel. Then what is the distance between B and D?

a. 37.5 km
b. 25.0 km
c. 12.5km

d. 7.5 km

13.

Probability of selection of Alex for a post is 8/11 and for Gafoor it is 5/14. (+2,-0.25)
The selection of one is independent of the other. What is the probability of
selection of only on them for the post?

a. 25/72
b. 67/154
c. 87/154

d. 15/72

14.

Suppose the standard deviation of the body temperatures of 17 persons  (+2, -0.25)
measured in degrees Fahrenheit is 2.7. Which of the following is the

standard deviation of the above 17 temperatures measured in degrees

Celsius?
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15. Dots are placed at the intersections of a grid. (+2,-0.25)

T

How many triangles one can draw by joining these dots?
a. 74
b. 76
c. /8

d. 84

16. Three liquids, A, B and C having densities of 3,2 and 1 g/cc respectively, (+2,-0.25)
are mixed in the volume proportion of 1: 2: 3 to form a 6 ml solution.
What will be the density (in g/cc) of the solution?

a. 17
b. 2.0
c. 25

d. 3.0

17. A fair coin is tossed 8 times independently. What is the probability that (+2,-0.25)
the third toss results in a head?
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a. 1/8
b. 1/4
c. 1/2

d. 3/28

18. A girl is running at a constant speed along a straight path to catch a bus ~ (+2,-0.25)
that is some distance away from her and stationary. Before she reaches
the bus, it accelerates away from her. Which of the following graphs is a
possible depiction of their motion?

Girl —
Bus:---

Dist.

Dist.

b. Time

Dist.

GETITON

pPrepp Download Prepp APP P Google Play |



https://play.google.com/store/apps/details?id=com.prepp
https://play.google.com/store/apps/details?id=com.prepp

Dist.

d. Time

19. A tap takes 6 hours to fill a water tank, a second tap takes 5 hours, a third ~ (+2,-0.25)
4 hours and a fourth 3 hours. How long, approximately, would it take to fill
the tank if all the taps are used together?

a. 1 hour
b. 1.5 hours
Cc. 2 hours

d. 2.5 hours

20. The number of unit squares that can be fitted inside a circle of some (+2,-0.25)
finite diameter d is at the most

Q. (nd2/4)']
b. md?
c. (ma2)/4

d. (m(d-1)2)/4
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Part B

21. Suppose that A, B are two non-empty subsets of R and C = ANB. (+3,-0.75)

Which of the following conditions imply that C is empty?
a. Aand B are open and C is compact

b. A and B are open and C is closed

Cc. Aand B are both dense in R

d. Ais open and B is compact

22, lim, . ()02 (nim)” (+3,-0.75)

n

a. isequal to

Bl

b. is equal to

Ik

C. isequaltoe

d. does not exist

23. LetY =1{1,2,3,...100} and let h: Y — Y be a strictly increasing function. The  (+3,-0.75)
total number of functions g : Y — Y satisfying

g(h()) =n(g(j) vjevYis
a. 0
b. 100!

c. 100190

d. 10098
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24. An infinite binary word a is a string (a; a5 a3 ...), where each ap, € {0,1}. Fix ~ (+3,-0.75)

aword s = (85, s3...), where s, = 1if and only if n is prime. Let S = {a =
(o a5 a3 ...) | 3m € N such that a,, = s, YN = m}. What is the cardinality of
S?

a. 1
b. Finite but more than 1
c. Countably infinite

d. Uncountable

25.

Let f be a nonconstant polynomial of degree k andletg: R — R bea (+3,-0.75)
bounded continuous function. Which of the following statements is
necessarily true?

a. There always exists x0 € R suchthatf(x0) = g(x0)
b. Thereisnox0 € R suchthat f(x0)= g(x0)
C. There existsx0 € R suchthat f(x0) = g(x0) ifkiseven

d. There existsx0 € R suchthat f(x0) = g(x0) ifkis odd

26.

The sum of the infinite series (+3,-0.75)

is equal to
a 2-1
b. 1-2
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27. Let S = {u, .., u,} be a subset of non-zero vectors from R". Now, consider ~ (+3,-0.75)

the two statements given below:

I: If S is linearly dependent set in R™ then u k is a linear combination of u 1,
.y U k-1

IIl: If S is linearly independent setin R" then k < n.

Which of the following statements is true?

a. Statement | is FALSE and Statement Il is TRUE
b. Statement | is TRUE and Statement Il is FALSE
C. Both Statement | and Statement Il are FALSE

d. Both Statement | and Statement Il are TRUE

28. Let M be a 5 x 5 matrix with real entries such that Rank(M) = 3. Consider  (+3,-0.75)
the linear system Mx = b. Let the row-reduced echelon form of the
augmented matrix [M b] be R and let R[j, :] denote the i - th row of R.
Suppose that the linear system admits a solution. Which of the following
statements is necessarily true?

a. R[3,:]=[010** *]
b. R[5,:]=[0010 * *]
c. R[4,:]=[0001**]

d. R[4,:]=[000000]
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29. Let A be an n x n matrix of rank 1. Let a = det(l + A), where | is the identity (+3,-0.75)
matrix and let B = trace A. Which of the following is true?

a. B-a=1
b. a-B=1
C. a<fB+1

d a>pB+1

30. Let 0, b and c be distinct integers. Let A be the matrix (+3,-0.75)

a? b
A= a® b !
gl plt It

Which among the following is the set of all possible ranks of A?
a. {3}

b. {2,3}

c. {123}

d. {0,123}

31. Which of the following is an inner product on the vector space of all real-  (+3,-0.75)
valued continuous functions on [0, 1]?

a. fgr=1 [ f(t) g(t) dtl
b. fgr= [ If(t) g(t)ldt

c. 1,g0=£(0)g(0) +1() g()
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d. fgR= [ f(t)g(t)dt

32. Let us define a matrix A € M(R) to be positive if for every column vector ~ (+3,-0.75)

ve R"we have Av, vk > 0, where K, R is the standard inner product on R
n

a 1 1

let Aos=| 1 0 0 |.LetsS={(a B)€R?: A, gis positive}. Which of
1 0 p

the following statements is true?

a. Sisempty

b. (a,B) eSifandonlyifap >0

c. (o,B)esifandonlyifa+B+4>0

d. S = R?

33. Afunction f: C— C is said to be analytic at oo, if the function g defined (+3,-0.75)
by g(w) = f (%) is analytic at 0 with an appropriate value given for g(0).
Which of the following statements is true?

a. Any non-constant polynomial is analytic at co
b. If fis analytic at oo then f is bounded
c. Foranyz0in C,the function f(z) = e=% s analytic at co

d. Any entire function can be extended to an analytic function at co

34. Define f: C — C by f(z) = |IzI? -.112. Which of the following statements is (+3,-0.75)
true?
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a. fis complex differentiable at all complex numbers except for z € {0,

1}
b. fis complex differentiable only atz =0
c. fis complex differentiable only atz =1

d. fis complex differentiable only for z € {0, 1}

35.

Let f, g be entire functions such that lim, e 42 = lim, ,oc 2 = 1 for some  (+3,-0.75)
fixed positive integer n. Which of the following statements is true?

a. f=g
b. f - gis necessarily a polynomial of degree at most n - 1

c. there exist f, g with these properties such that f - g is a polynomial
of degree n

d. there exist f, g with these properties such that f - g is not a
polynomial

36.

Let f be a holomorphic function on the disc {z € C: |z| < 2}. Assume that (+3,-0.75)
the only zero of f in the closed unit disc {ze C :|z| <1} is a simple zero at

the origin. Let y be the positively oriented circle {ze€ C:|z| =1}. The

integral [ & equals

a. 2mif' (0)
b. 2mif"(0)
c. 2mi/f(0)

d. 2mi/f"(0)
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37. The last two digits of 320'° are (+3,-0.75)

38. Let G be a group of order 2020 . Which of the following statements is (+3,-0.75)
necessarily true?

a. Gis not a simple group
b. G has exactly four proper subgroups
c. Gisacyclic group

d. Gis abelian

39. Which of the following statements is NOT true? (+3,-0.75)
a. The polynomial ring Z [x] is a Principal Ideal Domain (PID)
b. The polynomial ring Q [x] is a Principal Ideal Domain (PID)
c. The polynomial ring Z [x] is a Unique Factorization Domain (UFD)

d. The polynomial ring Q [x] is a Unique Factorization Domain (UFD)

40. Suppose f: [0,1] x [0,1] = (0,1) x (0,1) is a continuous non-constant (+3,-0.75)
function. Which of the following statements is NOT true?
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a. Image of f is uncountable
b. Image of f is a path connected set
c. Image of fis a compact set

d. Image of f has non-empty interior

41. Consider the ODE ¢y — 3y = t*y?,y(1) = 1. Find the value of y(2). (+3,-0.75)
a. 14

b. 16

42, For \ € R’ consider the system of differential equations (+3,-0.75)
X7= X + 2X9 + 2X3,
X9 = 2%y + X3
X'3 = -X3 + 2X9 + AX3

If Z(t) = ate* (for some @) is a solution of the system then the value of A is
equal to

a. 2

b. 4
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43.

Which of the following is a solution to uy + x2uy = 0 with u(x, 0) = &*? (+3,-0.75)

a. e
b. e(g”3+y)1/3

C. e("fg_?’y)l/3

d. (x2v+ 1)ex

44.

Consider the differential equation (+3,-0.75)
x2y - 2x(x + 1)y’ + 2(x + 1)y = 0.
If a polynomial is a solution then the degree of the polynomial is equal to

a. 1

b. 2

45,

Consider the Newton-Raphson method applied to approximate the (+3,-0.75)
square root of a positive number a. A recursion relation for the error e, =

Xn ~Vais given by

a. e = % (en + e%)
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2
€

d. €nt1 = ent+2va
46. The Euler equations satisfied by the extremals of the functional (+3,-0.75)

J(y) = f05 [v* + 2*y'] da

define a solution curve in the (x, y) - plane which is
a. linear

b. quadratic

C. cubic

d. trigonometric

47. Consider continuous solutions f of the following integral equation in [0,1]. (+3,-0.75)
F2(t) =1+2 [ f(s)ds, V¢ € [0,1]
Which of the following statements is true?
a. There is no solution
b. There is exactly one solution
c. There are exactly two solutions

d. There are more than two solutions

48. A body moves freely in a uniform gravitational field. The trajectory lieson  (+3,-0.75)
which of the following curves in phase space?

a. Straight line in phase space
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b. Parabola in phase space
c. Hyperbola in phase space

d. Ellipse in phase space

49. Let X be a uniform (0, 1) random variable. Suppose that given X, the (+3,-0.75)
random variable Y is uniform on (0, X). Given X and Y, the random
variable Z is uniform on (Y, 1). What is the value of E(Z)?

a. 1/8
b. 3/8
c. 5/8

d. 1/2

50. Let Xg = 0 and for k > 1let X, be a random variable with Binomial (k, 1) (+3,-0.75)

distribution. Let N be a Poisson random variable with mean 1. Assume
that for every k > 1, X, and N are independent and set Y = Xy. Given that Y

= 3. what is the probability that N = 3?
a.

b. e

51. Let (N}) and (N2) be two independent Poisson processes with intensities  (+3, -0.75)
a, b respectively, with a > b. Let M; = max {N}, N?} and X, =
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max (N} — NZ,0). Then which of the following is true?

a. X is a Poisson process with intensity a - b

b. Xis a birth-and-death process with birth-rate a and death- rate b
c. Mis a Poisson process with intensity max(a, b)

d. Mis a pure birth process with birth-rate a + b

B2. Let X;, Xy, .... be i.i.d. Normal random variables with mean 2 and variance (+3, -0.75)

3. Let N be a Poisson random variable with mean 4 that is independent of
{X1,x2,..}lety=X+.. +XyifN=TandY = 0if N=0.What is the

variance of Y?

a. 12

53. Let Xy, Xy, ... Xy be i.i.d N(6, 62) random variables where o2 is known. Let (+3,-0.75)

X = &TIX Then Minimum Variance Unbiased Estimator of 29 is given by
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54. Suppose that X follows a distribution with probability density function (+3,-0.75)

fg(x) «x81(1-x)®%: 0 < x < 1,0 > 0. The uniformly most powerful critical
region for testing Hyp : © = 1 against H;: 6 > 1 based on a single observation

is of the form
a (1-a,7]
b. [0, a)

. (549

B5. Let Xy, Xy, ..., X, be ii.d. N(6, 1) random variables. Suppose the prior (+3,-0.75)

distribution of 8 is N(0, 02). Suppose we have squared error loss function.
Let X = 225 Then, the Bayes estimator of 8 is

a X

b. X

nXg’
C. 1+no?

d n( X+o? )
1+no?

66. Let X be a p x p matrix valued random variable having the Wishart (+3,-0.75)
distribution with parameters X (variance matrix) and m (degrees of
freedom). Which of the following is necessarily true?

(A ij denotes the entry in jth row and jth column of a matrix A.)

a. cX 1,2 has Chi-square distribution with m - p + 1 degrees of freedom
for a suitable constant c
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b. cX 1,1 has Chi-square distribution with m - p + 1 degrees of freedom
for a suitable constant ¢

c. Y = A X has the Wishart distribution with variance matrix A £ AT 9N
degrees of freedom m for any non-singular p x p matrix A

d. k x k submatrix of X also has a Wishart distribution for k < p

57.

Consider a linear regression model of the form y; = a + Bx; + € based on (+3,-0.75)
the data {(x; y;) :i =1,2,.., 50} (here € i are the error terms). Assume that

not all x; are the same. Which of the following is an admissible value of

the leverage of the " observation?
a 0

b. 0.01

68.

Suppose that (X;, Y1), (X, Y5), ...(Xn, Yp) are independent and they have a  (+3,-0.75)

common distribution, which is uniform on the triangle with vertices (0,0)
(6,0) and (0, B), where 6 > 0. A sufficient statistic for 0 is

a. MOXgj<cn X1+ MAX<i<n Vi
b. mOX]Sisn( Xi + Yi)
C. MaXi<n | X+ Yil

d. max{maxcicn Xi + MAXygicn Vit
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59.

A sample of size n is to be drawn from a population of N households to (+3,-0.75)
estimate the proportion of the households which have more than one
earning member.Let 0 < n < N.

Sample | is drawn using Simple Random Sampling without replacement.
Sample Il is drawn using Simple Random Sampling with replacement.

Let p; and p, denote the sample proportions in samples | and |I

respectively. Let o7 = (pi) for i = 1, 2. Which of the following statements is
true?

a. Pyis an unbiased estimate of the population proportion but p; is

not

b. p 2is an unbiased estimate of the population proportion but p 1 is
not

C. 02 <03

d. ¢ <o}

60.

Consider the following Linear Programming Problem. (+3,-0.75)
Maximise 4x + 5y

subject to

2x+3y <14

X+2y<9

X+y<6

x=20,y>0

What is the optimal value of the objective function?
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b. 26
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Part C

Bl. Let N = {1, 2, 3, ..} be the set of natural numbers. Which of the following (+4.75)
functions from N x N to N are injective?

a. fi(m,n) =2m3n

b. fo(m,n)=mn+m+n

c. fg(m,n) =m?2+n3
d. f4,(m,n) =m?n3
62. Let {x,} be a sequence of positive real numbers. Which of the following (+4.75)

statements are true?

a. If the two subsequences {xon} and {x,n+;} converge, then the

sequence {x,} converges

b. If {(-1)"x} converges, then the sequence {x,} converges

C. If lim, o0 22 exists then {(xn)‘/ " is bounded

T

d. If the sequence {x,} is unbounded then every subsequence is

unbounded
63. Let f(x) = e* for x € R. Which of the following statements are correct? (+4.75)
a. Thereis areal C > 0 such that [f(x) - 1- x| < Cx? for all x € R
b. Thereisareal C > 0 such that |f(x) - 1-x - %I <C IxI3forallx e [-1,1]
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3

c. Thereisareal C > 0 such that [f(x) - 1- x - %2—3—! | <Cx?*forallxe R

3

d. Thereis areal C > 0 such that [f(x) -1-x- £ — 2 | <C x*forallx € [-],

1]

64. Which of the following functions are uniformly continuous on (0, 1)? (+4.75)
a. i
b. sin%

C. Tsin p

65. Let x, y be real numbers such that 0 < y < x and let n be a positive integer. (+4.75)
Which of the following statements are true?

a. ny" T (x-y)<x" -y"
b. nx" T (x-y)<x" -y"
c. ny" T (x-y)=x" -y"

d. nx" T (x-y)=x" -y"

66. Consider the identity function f(x) = xon I: = [0, 1]. Let P, be the partition (+4.75)
that divides | into n equal parts. If U(f, P,,) and L(f, P,,) are the upper and

lower Riemann sums, respectively, and A, = U(f, P,) - L(f, P,) then
a. limp_,, NAL =0

b. > A,is convergent

GETITON

pPrepp Download Prepp APP P Google Play



https://play.google.com/store/apps/details?id=com.prepp
https://play.google.com/store/apps/details?id=com.prepp

Prepp

C. A,is strictly monotonically decreasing

d. 22021 AnAn+1 — 1

67.

For any two non-negative integers n, k define f,,(x) on [0, 1] by (+4.75)

Fra(a) = {§ sing) ot = >

In which of the following cases is the function f, ' a function of bounded

variation?

a. foralln>Tandforallk>0
b. foralln>1andk =10

c. foralln>0andforall k > 2

d. foralln>2and forallk>0

68.

Let f(x, y) = (u(x, y), v(x, y)): RZ > R? be a differentiable function. Let A (+4.75)
denote the matrix of the derivative of f at the origin (0, 0) with respect to the

standard basis of R2. Assume f(y, -x) = (v(x, y),- u(x, y)) for all (x, y) € RZ
Which of the following statements are possibly true?

(10
aa-(10)
0 -1
1 0

b. A=

0
b
I
TN N TN

=
—

|

L
—
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69. Which of the following functions f admit an inverse in an open (+4.75)
neighbourhood of the point f(p)?

a. For p = (1,0) and f(x, y) = (xBexpy +y - 2x, 2xy + 2x)
b. Forp = (1, ) and f(r, 8) = (rcoss, rsinB)

Z

2 i 1 :
c. Forp=0andf(x) = {x+2$ o iz 70

ifr=0
2ain 1 .
d. Forp=0andf(x)={" "= Tfm?éo
0 ifx=0
70. Let Cy(R) be the space of all continuous functions on R such that (+4.75)

limy_,+o f(x) =0.Let C 0 ( R ) be equipped with |[.|| the norm of uniform
convergence. Let (f,,) be a sequence in Co( R ) and f e Cy( R ). Which of the

following statements are correct?

a. If f, — f uniformly on compact sets then |[f, - f[| - 0
b. If [If, - fll = 0 then f, - f uniformly on compact sets
c. f, = f uniformly on compact sets if and only if |If, - fll - 0

d. Neither of the two statements " f, —» f uniformly on compact sets” and

"|If5 - fll = 0 "imply the other

71. Let A be an m x n matrix. let A(1,:), A(;, 1) and A(1, 1) be the matrices obtained  (+4.75)
from A by deleting row 1 deleting column 1 and deleting both row 1 and
column 1respectively. Which of the following hold?

a. (rank A) - 2 <rank A(1,1) < rank A
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b. rank A (1,:) =rank A (:,1)
c. rank A=rank A (1,:) =rank A (:,1),thenrank A =rank A(1,1)

d. rank A (1,:) +rank A(:,1) +2>2 rank A

72. Let M € M,(R) with M # 0, I, but M? = M. Which of the following statements (+4.75)

are true?
a. Null (M) is the eigenspace of M corresponding to the eigenvalue 0

b. Let x € Col(M) with x # 0. Then x is an eigenvector of M corresponding to
the eigenvalue 1

c. Letx ¢ Null (M). Then x is an eigenvector of M corresponding to the
eigenvalue 1

d. R" = Col(M) + Null(M)

73. Lethz{{_ab 21;]:a,beR}qndW2:{[_ab _ba]:a,bER} be two (+4.75)

subspaces of My(R). Which of the following statements are true?

o wow- 1]

b. {{ g 8]}isaproper subset of Wy N W5
C. Wy + Wy = My(R)

d. W, + W, is a proper subset of M,( R )
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74.

Let A be a 3 x 3 nilpotent matrix. Which of the following statements are
necessarily true?

a. (I1+A)" =Ifor some n > 0 where | is the identity matrix
b. The column space of A is {0}

c. The eigenvalues of A are roots of 1

d. A3is diagonalizable

(+4.75)

75.

A100 x 100 matrix A = (a;j) is such that aj; =iif i + j =101 and a;;= 0
otherwise. Which of the following statements are true about A?

a. Ais similar to a diagonal matrix over R
b. Ais not similar to a diagonal matrix over C
c. One of the eigenvalues of Ais 10

d. None of the real eigenvalues of A exceeds 51

(+4.75)

76.

Let {v;, vy, V3} be an orthonormal basis of R3. Let V be the 3 x 3 matrix whose
columns are vy, vy, V3. Which of the following statements are necessarily

true?

a w'=|
b. vTv=|

c. v=VT

d. Determinant of V is not zero
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77. Letf:[0,1] — (0,1) be a function. Which of the following statements are (+4.75)
FALSE?

a. If fis onto, then f is continuous
b. If fis continuous, then f is not onto
c. If f is one-to-one, then f is continuous

d. If fis continuous, then f is not one-to-one

78. Let {y}, Yo Y3 Y4} be an orthonormal basis of R%. Which of the following are (+4.75)

orthonormal bases?
a. {y1+vyay1 - Y2 Y3 Yal

b. {ys ya -y y2}
C. {85, B3 sy}

3yitdy: 4y -3y
d. { 15 2 15 2ay3,y4}

79. Consider the set S: = {exp(2mi6) : 0 is a rational number}. Foreachze Sthe  (+4.75)
set {z" : nis a positive integer} is

a. countable
b. countably infinite
C. uncountable

d. finite
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80. Fix a positive real number c. Consider the locus of all points z € C such that (+4.75)

|| = c. Which of the following statements are true?
a. If c > 1, the locus is a circle centered on the imaginary axis
b. If c <1, the locus is a circle centered on the real axis

c. If c =1, the locus is a straight line parallel to the imaginary axis

d. If c =1, the locus is a straight line not passing through the origin

8l. Forz e C, let Rz denotes its real part. Let f be an entire function satisfying (+4.75)
f(z)! < Izl 19z] on C. Which of the following statements are true?

a. f(0)=0
b. f(0)=0
c. The only entire function satisfying the given property is f(z) = 0

d. There exists a non-constant entire function satisfying the given
property

82. Let D c C be the open unit disc. Consider the family F of all holomorphic (+4.75)
maps f: D — D such that f(0) = 1/2. For f € F' the possible values of |f(0)]
are

a. 7/8
b. 5/6
c. 3/4

d 1
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83. Let N = {1, 2 ...} denote the set of positive integers. For n € N, let (+4.75)
An=1{(xy,z) eN3 x"+y"=2z" and z<n}.
Let F(n) be the cardinality of the set A n. Which of the following statements
are true?
a. F(n) is always finite forn > 3
b. F(2) =
c. F(n) =0foralln
d. F(n) is non zero for some n > 2
84. For a positive integer n, let ¢(n) be the Euler's @-function. Which of the (+4.75)
following statements are true for n > 3?
a. ¢(n) can never divide n
b. ¢(n)In= there exist integers x, y such thatnx + 6y =1
c. (n)In = ncan have at most two distinct prime divisors
d. ¢(n) | p(nk) for every positive integer k
85. For positive integers m and n, let gcd(m, n) denote their greatest common (+4.75)

divisor. Let m > n be such that ged (m, n) =1. Which of the following
statements are true?

a.gcd(m-nm+n) =1

b. gcd (m - n,m + n) can have a prime divisor
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C. There exists integers x, y such that nx - my =3

d. gcd (m-n, m +n) can be an odd prime

86.

Let G be the cyclic group of order 8 and H = Sg be the permutation group of
5 elements. Which of the following statements are necessarily true?

a. There exists no nontrivial group homomorphism from G to H
b. There exists no injective group homomorphism from G to H
C. There exists no surjective group homomorphism from G to H

d. There are more than 20 different group homomorphisms from G to H

(+4.75)

87.

Which of the following statements are true for a € R?

a. ad

is algebraic over Q,then ais algebraic over Q
b. a could be algebraic over Q[v2] but may not be algebraic over Q

C. aneed not be algebraic over any subfield of R

d. There is an a which is not algebraic over Q [V-1]

(+4.75)

88.

Let p > 2019 be a prime number. Consider the polynomial
f(x) = (x2 - 3) (x2 - 673) (x2 - 2019)

How many roots can f possibly have in the finite field F,?

a. 0
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89.

Which of the following statements are true?
a. Any compact topological space is metrizable
b. Any continuous image of a Hausdorff topological space is Hausdorff

c. If f: X = Y is continuous and one-to-one, and Y is Hausdorff, then X is
Hausdorff

d. Intersection of two connected subsets of R with the usual topology is
either empty or connected

(+4.75)

90.

Let X = N U {00, - oo}. Let T be the topology on X consisting of subsets U of X
such that either U c N or X\ U is finite. Let A = N U {oo} and B = N U {-0}.
Which of the following subsets are compact?

a. A
b. X\ A
c. AUB

d ANB

(+4.75)

ol

Let f(x, y) = (y + x(1- x2-y2), ~x +y (1- x2 - y2))

and consider the ODE (&, ) = f(x, y) with initial condition (x(0), y(0)) = (0,1).

Which of the following statements are true?

a. X2(t) + y2(t) —>000S t—> o
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b. x2(t) + y?(t) »0as t > o
c. x2(t) + y2(t) remains bounded as t — oo

d. x2(t) +y2(t) > 1as t >

92. Let x and y be continuously differentiable functions on [0, o) that satisfy the (+4.75)
respective initial value problems (ODEs)
& + (sint-1)x =log(l +1t),x(0) =71
L +(sint-1)y=t,y(0) =2
Define z(t) = y(t) - x(t) for t > 0. Which of the following statements are true?
a. z(1) <1
b. z(2) >z (1)
c. z(1) >1
d. z(2) <z(1)
93. Letf: R? - R be a locally Lipschitz function. Consider the system of ODEs (+4.75)

given by & = sin(e*2), 4 = f(x;, x9) with initial condition (x(0), x,(0)) = (1,1).
Which of the following statements is true?

a. There is at most one local solution at time 0

b. There always exists a global solution defined in [0, co )

c. There might not be any solution around the time 0

d. There is at least one solution around time 0
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94. Which of the following are solutions of the Laplace equation uyy + uyy = 0in

the unit disk D = {(x, y) : x2 + y2 < 1}?
a. x2+2x?y3 - yo

b. x? + 2xy - y?

c. cos(y)e* + sin(x)eY

d 1+

1+2z+x2+y2

(+4.75)

95. Consider the partial differential equation (PDE)
z (34) +y(‘3—y) +(x+y)%g—y_u(g—m+g—y) +1=0
Which of the following statements are true?

a. The general solution of the PDE can be expressed in the form u(x, y) =

ax+by+ - whereaandb are arbitrary constants.

b. The general solution of the PDE can be expressed in the form u(x, y) =

flax+by)+ #b ,Where a and b are arbitrary constants and f is an

arbitrary function.

c. The Charpit's equations are

de dy — du — dp
p*Hpg — ¢?+pg  p(p*+pg)+a(p?+pq) 0

(z+y)g—uv — 2qu+(z+y)p—u
dg
0

d. The Charpit's equations are 5 —
dp
0

du
p(2pz+(z+y)g—u)+q(2qy+(z+y)p—u)

(+4.75)

96. Consider the numerical integration formula

' 9(x) dx= g(a) + g(-a),
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where a = (0.2)‘/4. Which of the following statements are true?

a. The integration formula is exact for polynomials of the form a + bx, for
allg,be R

b. The integration formula is exact for polynomials of the form a + bx +
cx? foralla,b,c e R

c. The integration formula is exact for polynomials of the form a + bx +
cx? + dx3, forallag,b,c,de R

d. The integration formula is exact for polynomials of the form a + bx +
cx3 +dx4 forallg, b,c,de R

97.

Let S be the set of all continuous functions f: [0, 1] — [0, o) that satisfy (+4.75)
fl 2f _lfozf2 dw+_

Which of the following statements are true?
a. Sis an empty set

b. S has at most one element

C. S has at least one element

d. S has more than two elements

98.

Consider the problem of extremising the functional J(y fl (3z — y)dz with (+4.75)
boundary conditions y(1) = 1 and y(3) = 2. Which of the followmg statements
are true?

a. There is a unique extremal

b. y(x) = %is an extremal
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C. y(z) = % + lis an extremal

d. There are no extremals

99. Let B be the unit ball in R3 centered at origin. The Euler-Lagrange equation (+4.75)

corresponding to the functional I(u) = 3 [, |Vu|?dz — L [} |ul°dz is

c. det(p%u) = u?

d. Au = -|ul3u

100. Let K(x,y) be akernelin [0,1] x [0, 1], defined as (+4.75)
z(l-y) 0<z<y
K .
(:9) {y(l—w) 0<y<z<

and K be the associated integral operator.
Then K : 12 ([01]) — 2([0,1])

a. is positive definite

b. is self adjoint

c. has a non-zero null space

d. isonto

101. Let K(x, y) be a kernelin [0,1] x [0,1], defined as K(x, y) = sin (xy). The integral  (+4.75)
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equationu(z) = sinz + fol K(z,y)u(y)dy

a. is uniquely solvable and the solution is differentiable
b. has more than one differentiable solution

c. has no solution

d. is solvable and the solution is not differentiable

102. Consider a body of unit mass moving under an attractive central force. Ata  (+4.75)
certain radius R, the body moves in a circular orbit. Which of the following
are true?

a. The force must be equal to —& where L is the angular momentum of

R3
the body
b. The force can be any strictly negative valued function of R
c. The force can only be of the inverse square law form

d. The force cannot be of the form -kR

103. Let A and B be two events. Which of the following are necessarily correct? (+4.75)
a. P(AuB) <P(A) + P(B)
b. P(AUB) >P(A) + P(B)
c. P(AnB) =P(A) P(B)

d. P(ANnB)>P(A) +P(B) -1

104. Which of the following are true? (+4.75)
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a. If X; and X, are independent uniform (0, 1) then X; + X5 is uniform (0,
2)

b. If X is uniform (0, n) then X/n is uniform (0, 1)

c. If X; and X, are standard normal, then (X; + X5)/V2 is standard normal

d. If X is exponential with mean 1, then e * is uniform (0, 1)

105.

(Xn n = 0) is a Markov chain with state space {1, 2, 3, 4, 5} and transition (+4.75)

matrix (pjj)i<ijcs given by

1/2 0 0
0 1 0
0 1 0
1/5 1/5 1/5 1

0

/s i 5 1/5 /

Which of the following are true?
a. states 2 and 3 are absorbing
b. state 3isrecurrent

c. {1, 5} form arecurrent class

d. state 4 is transient

106.

Consider a Markov chain on a finite state space S. Suppose that the (+4.75)
transition probability matrix P is such that the transpose of P is also a
stochastic matrix. Then which of the following is necessarily true?

a. All states have the same period

b. The chain admits at most one stationary distribution
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c. All states are recurrent

d. Atleast one state has period 1

107. Let X, Y be random variables with cumulative distribution functions F and G (+4.75)
respectively. Assume that F is continuous. Which of the following functions
of x are necessarily cumulative distribution functions (CDF)?

a. 1 (1-6(-x) +F(x))
b. 1 (1-F(-x) + G(x))
c. F(x) &(x)

d. (1-F(x)) (1-6(x)

108. Suppose that X;, Xy, .., X, are independent and identically distributed (+4.75)

Poisson (A) random variables, where A > 0 is unknown. Which of the
following statements are true?

a. 1 Y7 (-1)%is an unbiased estimator of ™

n

b. 13" (~1)% is a consistent estimator for e 2A

C. (”—‘2)21':1 *is the minimum variance unbiased estimator of e 2*

d. (";)E?:1 *iis a consistent estimator of e™2A

109. Let X;, Xy be i.i.d. random variables which are uniformly distributed on the (+4.75)
interval (0, 8). Consider the problem of testing Hp: 8 = 1versus Hy: 6 = 2.

Which of the following tests have size < 0.5 and power > 0.5?

a. Reject Hg if and only if max {X;, Xo} >1.6
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b. Reject Hg if and only if max {X;, Xo} >1
C. Reject Hy if and only if X; > 0.4

d. Reject Hy if and only if X; - X5 >0

0. Let X;, Xy, .., X, be iid. N(0, 6) random variables. Which of the following are (+4.75)

sufficient for g2?

a. Ty (Xp Xy o Xpy) = (X3, Xy o Xpy)

b. Ty (X), Xg, s Xp) = (X3, X3,...,X2)

C. T3 (Xy Xgy o Xp) = (X2 + X2+ -+ + X2)

d. T4 (X} Xg e Xp) = (X2 + X2, X2+ X7+ + X2)

M. Let Xy, Xg, ... Xy and Yy, Y, .., Yy, e two independent random samples from a (+4.75)

common continuous distribution F. Let W be the sum of ranks of X
observations in the combined ranking of all the N = n + m observations.
Which of the following are true?

n(N+1
a. E(W) =255
_ N(N+1
b. E(W)= =5
c. The distribution of W is symmetric about @

d. The distribution of W does not depend on F

112. A sample of size 10 is selected at random from a lot containing 20 items of a (+4.75)
manufactured product. Suppose the total number of defectives D in the lot
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is unknown. Let X be the number of defectives in the sample. We wish to test
Ho: D = 7 against the alternative H;: D > 7. Consider the test : Reject Hg if X > k

where k is determined such that

Puo (X2 k) <0.05 < Pyo(X 2k -1)

Which of the following are true?

a. The test is Uniformly Most Powerful test of its size
b. The power function of the test is increasing in D
c. The power function of the test is decreasing in D

d. The test is unbiased

N3. Consider the Gauss-Markov Model Y. = X4x4Baxi+ €4x) Where B = (BB, B3 (+4.75)

B4) and € ~ N(0, 62I). Two choices for X are given below.

( 1 0 0 O \
_ 01 0 O
Case-1: X = 00 1 0

\ 0 0 0 1 }

1 1 0 0 \

_ 1 -1 0 O

Case-2: X = 0o 0 1 1

0O 0 1 -1

Which of the following statements are true?

a. The contrast 3; - B is estimable in Case 1, but not in Case 2

b. The contrast B; - B, is estimable in both cases and Var (Bl — [32> is

larger in Case 1than in Case 2

c. The contrast By - B3 is estimable in Case 1, but not in Case 2
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d. The contrast B, - B3 is estimable in both cases and Var (ﬂl —~ Bg) is
larger in Case 1than in Case 2

1n4.

Consider a population which is distributed according to fg(x). Here fq (+4.75)

depends on an unknown parameter 8 and denotes either a probability
mass function or a probability density function.

Consider a random sample X, Xy, ..., X, from this population. Let X denote

the corresponding sample mean. Among the following, identify those cases
for which X is the Minimum Variance Unbiased Estimator of 6.

a. fg(x) « exp{-6x} forx=0; 6>0
b. fg(x) « exp{ -(6 - x)?} for oo < x < 00 ; =00 < B < 00
c. fg(x) «8%/x!forx=0,1,2,..; 8>0

d. fg(x) «8* forx=0,1,2,..;, 0<0<1

5.

Let (X}, Yy), (X9, Y2) ... (Xn Ypy), N = 4 be a random sample from the bivariate (+4.75)
normal distribution with E(X;) = ;, E(Y;) = ps, Var(X;) = Var(Y;) = 62 and the
correlation coefficient between X; and Y; equal to p. All four parameters py,

Uo, 62 and p are unknown. Also, let

Siz = 2?21 (Xi - X)2’Syy = Z?:l (Yi - Y)2’Swy = Z?:l (Xi - X) (Yi - Y)

Which of the following are maximum likelihood estimators of p?

S
Q.
(Z?ﬂ w?) (Zn Yz)
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d 25,

* Sex "f‘Syy _ZSzy

6. Let Xy, Xy, ..., X, be a random sample from normal distribution with unknown  (+4.75)
mean p and variance 1. Let X be the sample mean and X}y = min{X;, Xy, ...,

Xn}.

Which of the following are true?
a. X is complete sufficient for p
b. X is minimal sufficient for p

c. X - X()is an ancillary statistic

d. Cov(X, X(])) =0

N7. In a BIBD (Balanced Incomplete Block Design) with v treatments, b blocks, let  (+4.75)
t; denote the effect of jt" treatment, b, denote the effect of t™" block

I<j<v,1<t<b

Which of the following statements are necessarily true?

a. tjis estimable forall1<j<v
b. tj- byis estimable forall 1<j<v,1<t<b
C. tj- tjis estimable forallT<i<j<v

d. tj+ tjis estimable forall1<i<j<v

1N18. Suppose X denotes the lifetime of a system and follows the distribution with ~ (+4.75)
cumulative distribution function
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F(t) =1-e™,t>0,y>0

Let r(t) be the hazard (failure) rate of X. Which of the following are true?
a. r(t) isincreasingint ify > 1

b. r(t) is decreasingin tify > 1

c. r(t) is constantintif y =1

d. r(t) is decreasing intif 0 <y <1

N9. Let (X, n=1) beiid. random variables with mean zero and variance one. (+4.75)

Which of the following are true as n — oo?

X+ X0+ -+ X, . . . .
Q. S==——=converges in distribution to standard normal

b X —Xot+- A=)

7 X2 converges in distribution to standard normail

X+ Xo+- -+ X, ; i
C. 1 converges to zero in probability

d. Ar-th converges to zero in probability

120. Consider a M/M/1 queue at the steady state with traffic intensity p € (0, 1). (+4.75)
Let f(p) be the expected waiting time of a customer in the queue. Then

a. fisincreasinginp
b. fis decreasinginp
c. fattains it maximum at p = 3

d. fis a smooth function in (0, 1)
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