www.prepp.in

UPSC CSE 2015 MAINS PAPER 7 DECEMBER 23, 2015 MATHEMATICS OPTIONAL PAPER Il QUESTION PAPER

C-AVZ-O-NBUB

Fl‘ - ! L ! L i

‘ oy ; = . j' H‘: ' | : :
i-} tL"nhﬂ.Z—f--; hﬂtt;-:nid&u&g
i

ot (T -93-11)

axy ;7 gue aqfﬁmm:%o\

y-ua areeft fage srgEm
(I A+ @ Fefkifa feat B Fea aeudfigEs 9@)

Aadiigm o Rt MmN A @it M I AT

Ifigar H T qfF I F IW [ §

v e 1 3R 5 sfEd § aon 9 Wl A | y0F @S | F9-8-F0 TR T T diF 9§ 3w i
T I/ & fou faa o 38 9ma fen oo @

Tl % Ja I Wit mem A o S sree, e sga aesk wau-ua A fem R, 3R 39 Aieam # W
Ig@ TH-HR-3IW (o Hlo Uo) Yl & guys qt Fiide v W frar s =iiew | miftrsrs mmerm & Siidicw 31
el megn 4 fod 0 IW W RIg 3FF g P

i} FEwE §, O 9ge AlFe 1 9g Hifg ay s wpaw fiidy fifm)
9q d% Jghad 3 |, a9 e yafaa qEE H9t § wge B

wet & el B o FEEER o smedt snfire wu R fiu w g & I R oft s § st o 3@ e 3
T 8| YH-HE-IW Yiww 0 Wil 818 7Y #IK g8 3Gl YE 5 WM H Yoid: w1 ARl

MATHEMATICS (PAPER-II)

!’I‘ime Allowed : Three Hours} Maximum Marks : 250 l

QUESTION PAPER SPECIFIC INSTRUCTIONS

(Please read each of the following instructions carefully before attempting questions)

There are EIGHT questions divided in two Sections and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all,

Question Nos. 1 and § are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE question from each Section.
The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which must
be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space

provided. No marks will be given for answers written in medium other than the authorized
one,

Assume suitable data, if considered necessary, and indicate the same clearly.
Unless otherwise indicated, symbols and notations carry their usual standard meanings.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted even H attempted partly. Any page or portion of the page left blank
in the Question-cum-Answer Booklet must be clearly struck off.
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(@)

(b)

(c)

{d)

fe]

QGuis—A / SECTION—A

fi) M 8 % Tshid THR G o b e wid &/ TSIl HifIT |

How many generators are there of the cyclic group G of order 8? Explain.

fii} F4FTEWE {e, a, b, ¢} B A 7Y, 7l e aewm (3MEERR) R, wEem wnfni gy
77 Tvia g & ua wshia @ s gmd = g

Taking a group {e, a, b, ¢} of order 4, where e is the identity, construct

composition tables showing that one is cyclic while the other i1s not.
5+5=10

I8 &1 T g FeEm dfse, Ras aeans @ o Vae Ue Iuaad F1 IWE dowhs gl

Give an example of a ring having identity but a subring of this having a
different identity. 10

n2+

Yttt % s g e s @ e B
n=|] I

- n
Test the convergence and absolute convergence of the series E[— )"+ T 10
n=1 n-+

TNEE 6 BT v(x, ) =In(x® + y?) + x + y THIE B | THH BgHi wHa©] BeA ulx, i) T4
HINC | T fera s Bed f{Z=u+iv A z F 1€ 7 T HiNm)

Show that the function v(x, ) =In(x? +y?)+x+y is harmonic. Find its

conjugate harmonic functicn u{x, y). Also, find the corresponding analytic
function f{zl=u+iv in terms of z 10

fratafga Faas agen | foear fashl =@ & e ga Fifse .

Solve the following assignment problem to maximize the sales : 10

Territories (&3)

] 0 m vV
Al 3 4 5 6 7
B4 15 13 7 6 |

Salesmen (fegar) C | 6 13 12 5 11
D|7 12 15 8 5
E| 8 13 10 6 9
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2. {af

(D)

(c]

{b)

Il R & Iog 8, RNO®l aegas g9 1 & @ R 3=96® R’ (R onto R’) & &
U ¢ 8, dl g *ieg R & acdd® 3&E9d ¢(l) &

If R 1s a ring with unit element 1 and ¢ is a homomorphism of K onto R,
prove that ¢(1) is the unit element of R’. 15
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o aawa+a of Ife &, d) j;f{x)dx?ﬂmqma?ml

Is the function

}..

g
n

[

+

Jlx) =<

n
, X

O 3—

‘ 1
Riemann integrable? If yes, obtain the value of -[0 fix)dx. 15

T f(2) = 2z_3_%%z=oaazé-ﬁ'éwﬂﬁﬂaémmaﬁﬁ&ﬁzﬁﬁmﬁ%ﬁmﬁ
z2 ~3z+2

EAEIY

Find all possible Taylor’s and Laurent’s series expansions of the function

f(2= 222_3 about the point z=0,

Z° -3z+2 20

9N AN TRG F FYA [TRIQI TR TR i §Y dHA

r e® +1
C Az +(z—-i)"

CYRICRECA Tl

dz; C:|z|=2

State Cauchy’s residue theorem. Using it, evaluate the integral

Z
[ € +1a-_—2—dz; C:lz|=2
Z(z +1)(2—1) 15

(==

e # Aot Y "™ & wwone s ¥ fau a@am Fife

n=1 (1 +n2x2]

nx .
7 for uniform convergence. 15

x“)

Test the series of functions E
n=1 [1 +n
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fc) TETGrEd (aE T TR W {9ER He
AradieRY BT Z = x) +2x, -3x5 +4x4
EIlED

X) +Xo +2x73 +3x4 =12
Xy +2X7 + X4 =8
Xy, Xg, X5, X4 20

Consider the following linear programming problem :
Maximize Z = x| +2x,5 =3x53 +9x,4 (
subject to
Xy +Xg +2X53 +3x4 =12
Xy +2Xy+Xx4 =8
X1, X9, X3, Xq 20

(i) IR R T O 7 3ES Bt sy g e R 3 -2 s snur) geTa '
& R FH-V IFIUE T GEH € &7
Using the definition, find its all basic solutions. Which of these are

degenerate basic feasible solutions and which are non-degenerate basic
feasible solutions?

(i) TEE FI EE (hQ T SIGY T U 38AH B & U GE &l & $14-91/8 3¢ A
/87

Without solving the problem, show that it has an optimal solution. Which
of the basic feasible solution(s) 1s/are optimal? 20

4. (a) w1 FA=faRed @g=F WURT T 99 OH & F<ia PrEd Wid g a9 27 afe dE g, 9 =

Do the following sets form integral domains with respect to ordinary addition
and multiphcation? If so, state if they are fields : +6+4=15

()  bJ2 % &9 F g F1 9y=4, I8 b uiwg e §

The set of numbers of the form bJ/2 with b rational
() FW TS F WY

The set of even integers
(i) UATCHS YUITeh] HT T

The set of positive integers

(b) &3 x? +2y? <1 WM f(x, y) = x2 +3y? -y F AN (Tewiegz) Tw=an aul Feaw uEl

+ T HiTe
Find the absolute maximum and minimum values of the function
fix, ¥y = x% +3y* -y over the region i +2y2 <L 15
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(c) Tafafiss fes T quen & o [y gr &9 i) e §ft swen fofaw) & w8
g &) oAy grelt | adl gnen & 3yan g€ off Tehae .
HUHAHE ST Z =2x; —4x, +5X5
ENCRED
Xy +4x2 -21:3 <2
-X; +2x5 +3x53 <1
Xy, Xo, X5 20
‘ Solve the following linear programming problem by the simplex method. Write
its dual. Also, write the optimal solution of the dual from the optimal table of
the given problem : 20
Maximize Z =2x; —4x45 +5x4
subject to
—Xq +2I2 +3.x.'3 <1
X1, X9, X5 20
@Uus—B / SECTION—B
5. [a) NE FHaoa THIH
(_1;2 + 24 —x2]p—-2xyq+2xz=0
aﬁp=qu=§E,ﬁmaﬁﬁm
dx oy
Solve the partial differential equation
W2 +22-x%)p-2xyg+2xz=0
where p=‘—3E and q=§§,
dx oy 10
(b) (D?+DD’'-2D"Yu=e*X'¥ Fl g Hfse, @ D =i ag] D’=-—a~.
0x dy
Q 2 ’ r2 _ Xt Y _ a r a
olve (D“ +DD’'-2D'“Yu=e*" ¢, where D=-— and D' = —. 10
80X Y
. (cj g q9E (pag) > 1) vilpag) = ~1) & fou @7 =0 P, q,r e g& (3Gl fetiea)

faaedia (Teusigiea) Ta™—4 §9 F[ vl 1 &g T geig 49 T Jou R a1
REACRACE

Find the principal {or canonical) disjunctive normal form in three variables

P, q, r for the Boolean expression ((pag = r)vi{pag) o -r). Is the given
Boolean expression a contradiction or a tautology? 10
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7.

(d) s x-fm A & waEE yER U, F TR Fiw ) BR o :1 @ 9aq geeg 7R g
YaIR Sed aun AN fawa g S wiiadia (epeE) fag ot 3| i)

Consider a uniform flow U, in the positive x-direction. A cylinder of radius ais
located at the origin. Find the stream function and the velocity potential. Find
also the stagnation points.

) W m* & AW EH T x2 +y? +22 =a¢?, z20 F, 0Z-34 & R-ME, Ted-
AU &1 TiaheiA hivig |

Calculate the moment of inertia of a solid uniform hemisphere

x? +g,r2 +2% =a*, 220 with mass m about the OZ-axis.

(a) pcos[x+y)+qsin[x+y]=z,Eﬁngfﬁquﬁ,ﬁ 9% 1 @ [o70 Bal ol |

0 oy
Solve for the general solution pcos(x+y+gsin (x+Yy) = 2, where p= e and
X
q e ?E
oy

(b) EfaTIIHEA ITWM F A FQ T THAS e q9d] B ¥ Hitee qun zanse 5 H vy &
& fus B

Solve the plane pendulum problem using the Hamiltonian approach and show
that H is a constant of motion.

(c) TN HeaE 9gue {a Fie, s fefaied slest F weem e §

X . —\ 2 3 4
e s -1 11 31 69
f(1-5) Fa %S
Find the Lagrange interpolating polynomial that fits the following data :
X =1 2 3 4
fix) - =1 11 31 69

Find f(1-35)

(a) TNE-TiE T TH &

u, —u,, +u=0, O<x«<l, t>0
u f)=u{l =0, t20
ulx, O)=x(l-x), O<x<l

%] T TTd hIT |
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Find the solution of the initial-boundary value problem

W —U,, +u=0, O<x<l!, t>0
u©, )=u(l =0, t20
u(x, 0)=x{l-x), 0O<x<l 15

(b) W IMERX h = 02 & WY M-F3 Tgeoic @Y H FWAR I ¥ TRWE WA G6ed

%:x(y—x), y2) =3 M A (2, 24] § g Hfy
\ Solve the initial value problem % =x{y-x, y2) =3 in the interval |2, 2-4]
using the Runge-Kutta fourth-order method with step size h = 0-2. 15

fc) @ e T & TF (@ & T gibcela4 F1 ® H=ioirad ¢ :

2
H=2__pgpe~ +b—‘[][c;,'21r3"‘:’”t (o + be

20 2
& o, b, k BmE §, g HhIFd fEmE § a0 p @ sghFa gan 2|

—at

k 2
+ —
]2q

A Hamiltonian of a system with one degree of freedom has the form

- b
FE et — bgpe ™ +—que'“' (& + be
20 2

= Fd

k 2
+_
)29

where o, b, k are constants, g is the generalized coordinate and p is the
corresponding generalized momentum.

(i} 38 el & o|" & wus 9 e
Find a Lagrangian corresponding to this Hamiltonian.
ffi) T qod AUt gTd hiere, SN foh wg W wgE w9 w afrd Td 2

Find an equivalent Lagrangian that is not explicitly dependent on time.
10+10=20

8. fa) Tedm-+IfR fiiF e e

» 3%u 3%y 5 021 ou ou
X< — - + ¥

Jx 2 dx 3y dy> dx oy
& T9iEa ®9 B GEHIG HIT a2 SHF FUS TA JTd 1T |

\ Reduce the second-order partial differential equation

into canonical form. Hence, find its general solution, 15
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(b) MIR-disa foft = T FA g T

10x; =2Xxq ~Xq = X4 =3
-2x; +10x, -~ x5 ~x4 =15
-X; = Xn +10x4 —2x4 =27
=X] — Xy =2Xq +10x4 =-9

&1 g Y19 e (IR HIghd Hile) |

Find the solution of the system

10Xy ~2x5 — X3 —Xq =3 [
~2x; +10x, —Xxq —x4 =15
~X; = Xn +10x4 —2x4 =27
-Xy —~Xp —2Xx4 +10x, =-9

using Gauss-Seidel method (make four iterations). 15

(c) <we f Aga: gufte ofy A gia Tfiee & HI0 UR Ged 1 AfRE 81 91 O & TR R
97 UTH ) b hie | IR yare i 8, @ wHiew I1d dee /% ¥R oM ) /e
aidl R

In an axisymmetric motion, show that stream function exists due to equation
of continuity. Express the velocity components in terms of the stream function.
Find the equation satisfied by the stream function if the flow i1s irrotational. 20

* & &
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