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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting qguestions :

There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and 5 are compulsory and oul of the remaining, THREE are to be
attempted choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space
provided. No marks will be given for answers wrilten in « medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard
meaning.

Attempis of questions shall be counted in sequential order. Unless struck off, attempt of a
guestion shall be counted cven if attempted partly. Any page or portion. of the page lefl
blank in the Question-cum-Answer Booklet must be clearly struck off.
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Eug A
SECTION A

Q1. U Uyl & I S0
Answer all the questions : 10x5=50

(a) WM Al K U & 8 d91 K[X], K W T Tha =X X H 9g9ei ! g0 & |
T 959¢ f e K[X] % fow am <fifqe o), £ g s RIX) & ornesht
e otar 2 | guisy 16 (f), K[X] ¥ U 3f=ss Torsee @ afe sik aw afe
f, K T 3TES 987 & |

Let K be a field and K[X] be the ring of polynomials over K in a single

variable X. For a polynomial f e K[X], let (f) denote the ideal in K [X]

generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is

an irreducible polynomial over K. 10
1

(b) f(x) = x*sin —, 0 <X < oo
X

Sl QU MU e f: (0, ) > R & AU evizt % s orasady %od
g'R H>RESf & foeaw &t 2 |

For the function f : (0, ) > R given by

.1
fix) = x% sin—, 0 < X < oo,
X

show that there is a differentiable function g : R —» R that extends f. 10
(c) ﬁaqw{xn}am{yn}ﬁmgmanwa:qﬁmﬁﬁ‘eﬁﬁ%:

1
Kl"—_ "é“, y].: 1 ﬁmxn= \/Kn__l yn_l y Il=2, 3, 4,.”
4 \
I 1( 1 1
— = 5 | ’ Il=2, 3, 4, .o
Y \Xn yn—l/

fag &S fo5
X1 <X, <¥,<¥,_1, N=234,..
dl A ShINT fob gFT 37 sRT Wb & W= (limit) [ X 31fiEfa gid 8,

Glﬁé—«::l{l%l
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Two sequences {x.} and {y,} are defined inductively by the following :

1
Xq = - yy -1 and x_ - \[Kn—l Vi 5 I = oy J; by o
4 3\
1| 1
_1_.:._ | 1 : 1122,3,4,...
Yn 2 \Kn Yn-1)
Prove that
Xy (<K, <¥,<¥,_1, n=23,1,..

and deduce that both the sequences converge to the same limit /,

where 1 <[ <1. 10

Y
Wv(x,y)=x3—3}{y2+2y @M%d%%?mﬁﬁmﬁql
afe &, @ Toe S T e u(x, y) T hIT T $HY faveiiveh wed
ured Hifse e arsataes du1 sedfdes 9T HES: u Tl v 3 |

Is v(x,y)= X 8xy2 + 2v a harmonic function ? Prove your claim. If yes,
find its conjugate harmonic function u(x,y) and hence obtain the
analytic function whose real and imaginary parts are u and Vv

respectively. 10

LR
x+2y2>1, 2x+y<1, x>0 ddl y=0
3 T 5x + 2y I AThad 9 @ ot gra J1d i |

Find the maximum value of
DX + 2y
with constraints

x+2y>1, 2x+y<1, x>0 and y=0
by graphical method. 10

guize Tk sioft

oo

2

n=1

e s 2 1 (IR @ cui ¥ foe sy e w1 ST
&, a1 3geh! /37ht 3qula o dINIT |)

(_1)1’1+1
n+ 1
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Show that the series

O

2

n=i

(_1)n+1
n+ 1

1s conditionally convergent. (If you use any theorem(s) to show it, then
yvou must give a proof of that theorem(s).) 15

(b) WM TN p Th STHIST TCAT 8 1 Z qUTish Higgall p & arsd &g &l ffde
AT & | Y b Z ) T T AT 3ae L F T L g |

Let p be a prime number and Zp denote the additive group of integers

modulo p. Show that every non-zero element of Zp generates zp. 15

()  Alueradiester hifsw

7, = 2};1 + 3x2 + 6x3

s

¢
gl |

2X1+2{2+X3£5

XIEO,XQEO,X3E*.O

HT TAH TA g 8 2 3794 IR R 3Ty dfvo |

Maximize
Z = 2Xq + 3%, + 6Xq
subject to
2X1 + Xog + Xq <5
Xy + 2X5 < 6
x120,%920,xq920.
Is the optimal solution unique ? Justify your answer. 20

Q3. (a) HHE WU K, &F F & 0 foiar 2 | fag Hifse 5 K /a9, o1 f6 F o
A 8, KPIIUT a8 | M, IR Fc K c L 85 8, L, K W &9 2
den K, F R &S9 8, 99 fug fifve 6 L, Fw i 2

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F ¢ K c L are
fields, L 1s algebraic over K and K is algebraic over F, then prove that L
1s algebraic over F. 20
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(h) thed

4

{ = | — r ‘{1' 2 - ‘)
[(-EJ ..V) =X -+ y = 2}{ -+ 4XV —- 2}9’“’

< AMIEF I=aH qY7 =ay o g U |

T e oo F o X . _ . |
Find the relative maximum and minumum values of the function

i 2

¥ i at . 2 p
fx, v)ax" &y Uy + 4xv — 2y°. 15

(c)  HM efifsu

2 | A= 51 5u ufiEly (shegt) gureps

1 HH 37d hifsu |

Let
v 10, 1] - © be the curve
Aty =e*™ 0ot <,
t'ind, giving justifications, the value of the contour integral 15
- dz
4z% ~1

(a)  Z9NSY foh Teleh sfioia: Haa &y o7q 2 |

Show that every algebraically closed field is infinite. 15

5 i . i =
(b) HIA Al £ B> R Uh 9dd %old 59 TR 2 o lim f(x) d497 lim f(x) I

X > co X—>— 00

- %_ ™\ R o~y _ ™ :
SIEAeT 7 991 9 IHHd 2 | fag Sifse i R wt ¢ veaam gag 2 )

Lletf: R 5 R bhe o continuous function such that lim f{x) and Iim {(x)
X —>+ 00 NyOE

exist and are finite. Prove that fis uniformly continuous on R. 15

~
7h

N ™ ™ = ) s g . - %
G SPITIT Toh Jedeh A1 &1vfl 54k AR g1 o aimat U fqvaifig wort =)

)

B3 ™ ,;:‘r
I Md <hid] 3 |

Prove that every power series represents an analyvfie fimetion inside itse
circele of convergence. 2()
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@uE B
SECTION B
Q5. THI 9T oh 3T SIS0 :
Answer all the questions : 10xH
w2+ vE o 2f = e T TEU oMo MR kg b Areleh uflE geal <Rl <AT9h
qeRT0 T HISU |

"ind the general equation of surfaces orthogonal to the family of spheres

» . 2 2
olven by x% + v© + 47 = CZ

| 2y . Bz

x

g e S _ r = - > B
(bh) B 9N q |- --—, 2V — 37— — ;X 3y | & ad ol HlH«dl aldl 2.
i I i P
e 3 et e B T 2 o BCIPRT) T
SEt q (u, v, w) I B H o g ddT ¢ o= 06y, 2 W 1T = X0 T 4 a9
Y Do SN . N
ddd X7+ y~ = 9.z = 0 H TIIHEU (circulation) 941 & /
N 2 D7
- . . . } .—J}i i & .-—ry v _.JZ .
Does a fluid with velocity q =2z -~ .2y —-8z=~—,X~3y - -
D r g I
possess vorticity, where qf(u, v, w) 18 the velocity in the Cartesian
— ' . 2 p/ 2 £ 9 .. : : :
frame. 1 =(x,y,z) and " =x7 +y~ + 27 : What is the circulation in the
. ) 22 )
circle x* + vy~ = 92 = U
S e T T S -
) m ZEIHT R Ush TRh-whvl, Sl TSl Sl %hoIqdehicl (space) H TIAHIA B, &bl
™

-

F { = (U7 T HOI[EITA il @ Al T THE TR

™ N =
(=L ShITU | =0g

x, v, 7) T dEEdl €, d gMHed 5 sRTerere Bed S Wl x, v, 7, T Th Hol

™ B
5 %1 H 31d <hI1U |

Consider a single free particle of mass m, moving in space under no
forces. If the particle starts from the origin at t = 0 and reaches the
position (x, v, z) at taime T, find the Hamilton’s characteristic function S

as a function of X, v, 7, T.
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frafafiga comera et & god fg-onut aun Sisw-enull T et #
AT ;

(1) 4096

(11) 04375

(111) 2048-0625

Convert the following decimal numbers to equivalent binary and
hexadecimal numbers : 10

1) 4096
(i) 0-4375
(iii) 2048-0625

3T 3Tashcl THRU0T

(y+zx)p—(x+yz)q=x2—-y2
BT TS THTHA T hi9T |
Find the general integral of the partial differential equation
2_y2 10

(y+2zx) p—(X+yz)g=X

gl z = p? — g & IMaeY [y Hifse, den Wae™ 4z + x2 = 0,
y = 0" TSR el 9Hh J56 A Il |

Determine the characteristics of the equation z = p2 — q2, and find the

integral surface which passes through the parabola 4z + x% = 0, ¥ =0 15
I UL @ TREE swdied W HI THEHE 910§ qE-Re O W YEed m
U TS 3T ¢¢ & | guisy f gt &% Rt fag P W 9 fawa ¢ @ W

o Urcosﬂ%,aﬁOP=rﬁﬂTea€W%ﬁ(ﬁ,ﬁ?ﬂ_i}%maw

3 | umRast wr swwd @lmm w@ BRw g B3 g
Ur? sin” 0 — 2m cos 0 = 3T (constant) T &A@ 8 |

A simple source of strength m is fixed at the origin O in a uniform
_..}

stream of incompressibie fluid moving with velocity U 1 . Show that the
velocity potential ¢ at any point P of the stream 1is 2 Ur cos 8, where
—~ r -

OP = r and 0 is the angle which OP makes with the direction 1 . Find
the differential equation of the streamlines and show that they lie on the

surfaces Ur? sin® 0 — 2m cos 6 = constant. 15
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(¢c) 0H @il x € 10, 1]% %IQ f(x) = e2X cos 3:{% | € x = 0 x=08, x=06
Ao x = 1 T I 3 % IS 3Taasl 9g4e sl SEAATA ohd 8U f(0-5) o A

ATha HIoT | A= [0, 1] W I dar qen ardfass I E(0-5)
Yy |l IR |

Let f(x) = e2* cos 3x, for x € [0, 11. Estimate the value of 1(0-5) using
Lagrange interpolating polynomial of degree 3 over the nodes x = O,
x = 0-3, x = 06 and x = 1. Also, compute the error bound over the
interval [0, 1] and the actual error E(0-5). 20

Q7. (a) 3TNk 3TEhd HHIHT

8—85 - B 0"z 02 | 26—32 = e*"Y
5X3 0}(2(7)7 e 0}72 ay‘%
H! BA hIIT |
Solve the partial differential equation
%z _ 4 0 s 2 07 gxay 15
N 20y  Ox Oy oy

(b) fr=afl a. b (a < b) % 2 &g McAld HIS & i< Hl T8 Hl 99 p b ol
T 9q TN 2 | gfe e i e e fea Su, 3Tt a1 &l xR {9 U
& T AT STE I i y-fa9n ® o1 Vo @, df 80 o aia &l YRiraes
i, o7 fava

{aBU (1 + —; bgr“‘gj X — b3V£1 + ; 2" r“BJ v
(b L = A
(b3 —a>)

2 A Sl B, S8 2 = x2 + v2 + 22 g FAcues wuelivies 8 | atal o TeRdl
o} g 9 a7 =1 " eIy |

The space between two concentric spherical shells of radii a, b (a < b) 1s
filled with a liquid of density p. If the shells are set in motion, the inner
one with velocity U in the x-direction and the outer one with velocity V
in the y-direction, then show that the initial motion of the liquid is given
by velocity potential

{adU [1 + L b?’r“:g) X — bgV[l +- % a° r"3j y o

i
(b:k- - ‘ —
(b3 —a°)

where r% = x% + y® + z2, the coordinates being rectangular. Evaluate the

velocity at any point of the liquid. 20
M-ESC-D-MTH 8
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1

(c)  YHThA J.HX) dx o ToTu, @uiisy fo fg-fomg T3y arenet 4o,

-1
1

J.f(x) A ~ f[%j + f( \%]

-1

4

g0 fon T 8 | 39 RuW % STl Shid §U jZX e¥dx HT ATehetd T |

2
1

For an integral J.f (x) dx, show that the two-point Gauss quadrature

]
1
rule 1s given b f(x)dx =1 ( . ]+f [ 4 ) Using this rule, estimate
u =1 — . 3, € -
21 y 73 3
=
4
I2x e dx. 15
2

Q8. (a) TS 10 cm AT 3T ITTEA-UN=SG T &FABA 1 cm? Hl TG Hl Th B °
AT ulx, t) TE AT | T AT OTed p — 10 6 glow”, TEHAT TR
K = 1-04 cal / (cm sec °C) 91 faf¥Te ™1 6 = 0-056 cal/g °C. ¥8 YU
urfedes o< (perfectly isolated laterally) 3, fatl &1 0°C W @1 741 8 e
TR dAH f(x) = sin (01 nx) °C 8 | &I WU 6 u(x, t) A e

u, = c?u, %l LT HLT 8, & ¢*=K / (po) T |

Find the temperature u(x,t) in a bar of silver of length 10 cm and
constant cross-section of area 1 em?. Let density p = 106 g/cmS, thermal
conductivity K = 1-04 cal / (cm sec °C) and specific heat ¢ = 0-056 cal/g °C.
The bar is perfectly isolated laterally, with ends kept at 0°C and
initial temperature f(x) = sin (0-1 nx) °C. Note that u(x, t} follows the heat.
equation u, = c? u_., Where ¢“=K/ (po) 20
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AETS [ G hTE o HIU ¢ b 1Y Teh b g GHAT T r a1 o1 U gy
o et Tg @1 & | oF i 3fua =uehisha fHeeme difvw | sgauy, =fg
FIs &, d F1d hiNW | 97 & Tou s FHiehr fdigy | ad a1 JA=a91 geh
§C THAT o Torerel T 0 g9 1 o F1d Shifefy |

A hoop with radius r is rolling, without slipping, down an inclined plane
of length I and with angle of inclination ¢. Assign appropriate
generalized coordinates to the system. Determine the constraints, if any.
Write down the Lagrangian equations for the system. Hence or

otherwise determine thée velocity of the hoop at the bottom of the
inclined plane. 15

o= i A, B, C 569 = &, A & A g0 fAfds 811 8, A OR B& foiU
WA+BWAANDB%%Q@|\:MA B2 | d fF=faiad sases =

e ST qam AND 3R OR 18 1 &I ld §U HcAIhd oASieh <hl
slh 3TRE WU |
A.A+B+O).(A +B+0).(A+B+C).(A+B+ C).

Let A, B, C be Boolean variables, A denote complement of A, A+ B 1s an
expression for A OR B and A . B is an expression for A AND B. Then

simplify the following expression and draw a block diagram of the
simplified expression, using AND and OR gates.

A.A+B+O).(A+B+0).A+B +C).A+B+C). 15
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