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UPSC CSE 2021 MAINS PAPER 6 JANUARY 16, 2022 MATHEMATICS OPTIONAL PAPER-I QUESTION PAPER

Tfura (ALT-TX 1)

MATHEMATICS (Paper 1)
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QUESTION PAPER SPECIFIC INSTRUCTIONS

Please read each of the following instructions carefully before attempting questions.

There are EIGHT questions divided in TWQO SECTIONS and printed both in HINDI and 1n
ENGLISH.

Candidate has to attempt FIVE questions 1n all.

Question Nos. 1 and 5 are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE question from each section.

The number of marks carried by a question/part is indicated against 1it.

Answers must be written in the medium authorized in the Admission Certificate which must be
stated clearly on the cover of this Question-cum-Answer (QCA) Booklet 1n the space provided.
No marks will be given for answers written in a medium other than the authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard meanings.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted even if attempted partly. Any page or portion of the page left blank

in the Question-cum-Answer Booklet must be clearly struck off,
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] -1 1
1.(a) Te A=|2 -1 0[%,
1 0 0

a4~ = 1 foru femm ez o 42 = 471

1 -1 1
If A=|2 -1 0], then show that
1 0 0

A% = 47! (without finding 47"). 10
1.(b) WA AERF B={(0, 1, 1), (1,0, 1), (1, 1,0)} & €U V,(R) R uicaiva =
TERSE : T(a,b,c)= (a+b, a—b, 2¢) ¥ FA4G JHg AG HioQ |

Find the matrix associated with the linear operator on V;(R) defined by
1(a, b,c)= (a+ b, a— b, 2¢c) with respect to the ordered basis
B=10,1,1), (1,0, 1), (1, 1, 0)}. 10

1..c) Tarmn 2.
f(x+a) f(x+200) f(x+3x)
A(x)=| f(ax) /(L) f (Ba)
fl) [f'Qa)  [f'(Ca)

SEl f Ue Alad-H Fahadid Hd ¢ adl o U6 IR 8 |
lim A(I)ﬁmﬁml

x—{0 X
Given:

f(x+a) f(x+20) f(x+3x)
A(x)=| f(x) /o) J Gx)
fia) f'2a)  f'Ga)

where f is a real valued differentiable function and a 1s a constant.

Find lim A(x). 10
x—0 X
1.(d) ?«'QﬁEQﬁFE"'cosx=Iaﬁﬁﬁfa‘fﬁ%aﬁﬂﬁersinx—lzo %fdﬂﬁﬁﬂuﬁiﬂj
fomm ® |
Show that between any two roots of e*cos x = 1, there exists at least one root of
e*sinx—1=0. 10
1.(e)  I9 S & GHIHWT TG hitoC foas d9, @
PmyTy

aar e fys-aF x*+2y°=1,2=0 ¥ |

HXS-U-MTH 2
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Find the equation of the cylinder whose generators are parallel to the line

x=—§ % and whose guiding curve 18 Jc2+2y2 =1, z=0. 10

2.(a) ouEU T & wwad, I iF 9F ax’ + by + 22 =0 H @ TR H Fed 8

I

2 2 2
W L ——=0 F W AT

b+c c+a a+b
Show that the planes, which cut the cone ax? + by? + cz* =0 in perpendicular

2 yz o2
-+ 4 =), 20
b+c¢c c+a a+b

2.(b)  Temm o R f(x,y) = [¥2 )2, T £, (0, 0) T £, (0, 0) AT T | 3a: quiEy

f& £,,(0,0) = £, (0,0) |

Given that f(x, y) = |x* —*|. Find £, (0, 0) and £, (0, 0).

Hence show that £, (0, 0) = f,.x (U, 0). 15
2.(c)  <uisu f& §={(x, 2y, 3x):x, y qEaE AT €} R(R) & TF IUEATE € |

S ¥ a1 IR W Hifrw | § & famr o @ Hifeg

Show that S = {(x, 2y, 3x) : x, y are real numbers} is a subspace of R*(R). Find two

generators, touch the cone

bases of S. Also find the dimension of S. 15
. o(u, Vv
3.(a)(1) ke u=x2+y%, v=x’ -y, el R x=rcos, y=rsinb g, a9 8((r 8; A T |
o(u,v
If u=x%+3y?, v=x?-)?% where x=rcos6, y=rsm6, then find a?: 9;.
X ]
3@)i) AR [f@yde=x+ [tf(@)de 7 A1) FHA 0 I |
0 X
X ]
If [ f(t)de=x+ [1f(t)dt, then find the value of f(1). 5
0 X
b .
3.(a)(1m) J(x —a)"(b-x)"dx F He-Fed & 9 H T T |
b
Express J.(x —~a)™(b - x)"dx in terms of Beta function. 8

A sphere of constant radius r passes through the origin O and cuts the axes at
the points 4, B and C. Find, the locus of the foot of the perpendicular drawn from

O to the plane ABC. 15
3 HXS-U-MTH
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3.(c)i) Trg diNu & te arafes @ufig s F @ B sfeefe w=t ¥ G
stqaerfures wfewr, ofas € )

Prove that the eigen vectors, corresponding to two distinct eigen values of a real
symmetric matrix, are orthogonal. g

3.c)ii) T T e 4 A B T Afe, 2 ¥ % fou quley fF osdw (4B) = sRa
(BA) | 9199 SuREU {6 AB-BA#[, S& I, & 2-Ffe &1 qc@ sTg ¢ |

For two square matrices 4 and B of order 2, show that trace (4B) = trace (BA).
Hence show that AB - B4 #1,, where [, is an identity matrix of order 2. 7

4.(a)(i) tAlIlad smegg @1 o9ft-wATa d@uFe w1 H @aeee S T e zEd

Fife d F9@ HfSU |
1 3 2 4 1
q = O 0 2 2 0
12 6 2 6 2
'3 9 1 10 6 )
Reduce the following matrix to a row-reduced echelon form and hence also, find
its rank :
1 3 2 4 1
4 = O 0 2 2 0
12 6 2 6 2
'3 9 1 10 6 ) 10

4.(a)(ii) FFHY TAT &F W AR A :(? 6’] o AAANTE WH AT I e
glca &1 A1 FIfST |

Find the eigen values and the corresponding eigen vectors of the matrix

A= (? ?)i]’ over the complex-number field. 10

4.(b)  wuriEC f UERMEE : 127 4+ )20 = Y W W AT %mz T |

. . .3
Show that the entire area of the Astroid : x*/° + yz"(3 = a*"? is gﬂaz. 15

~ ~

4.(c) {GT3

X4l Y+3  Z+05

3 5 7
x-2 y—-4 z-6
1 3 5
H AAIE FA dTel qHA H @I TG Fifrg | < T @ F wioseg fag @
"l AT RIS |

HXS-U-MTH 2
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Find equation of the plane containing the lines

x+1 y+3 z+5

35 7
x—2 y—4 2—06
1 3 5
Also find the point of intersection of the given lines. 15

9ug ‘B’ SECTION ‘B’
5.(a) SEchel  HHIHI

—=+ 2y = x2€3‘r + e¢'cos2x

% BA <RI |

Solve the differential equation :

dZ
—C};— +2y = x%e” + e“cos2x 10

5(b)  ATE =R fafy &1 Iw@W wd T ARFE #E wEE

2
g--+4y e >*sin2x; y(0) = y'(0) =0
X

H BA I |

Solve the initial value problem :

2
%—--+4y e sin2x;y(0)=y'(0):()
X

using Laplace transform method. 10

5.(C) ! B LMa MN Tog M R 3zar 9 30 WaR & § & (LM)2+ (MN)? = (LN)?
qqT 9 WA T ¥ e § R g L ) A2 | '#E TE SE TeEHE Bt
F1 W Tl =18, AR @ © | B LM 1 SR e & 919 94 & &7 @2 &l
TEE & Y H A9 IO |

Two rods LM and MN are joined ngidly at the pomnt M such that
(LM)* + (MN)?> =(LN)? and they are hanged freely in equilibrium from a fixed
point L. Let @ be the weight per unit length of both the rods which are uniform.
Determine the angle, which the rod LM makes with the vertical direction, in terms
of lengths ot the rods. 10

5(d)  Tlc T& g, Sl GF & URA: A el H IRWHT Al €, AFEG JUAT FE H b
fean st 8, a1 98 awg, w98 g # FR S, 79 @il | 38 TR & 55
H FE & IRFHU AEddld 8§ A9 W TG HifSw |

5 FIXS-U-MTH
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It a planet, which revolves around the Sun in a circular orbit, is suddenly stopped
in 1ts orbit, then find the time in which it would fall into the Sun. Also, find the ratio

of 1ts falling time to the period of revolution of the planet. 10
RS
S.(e) asﬁgq%vz V~~;— =£4,Glﬁ?=xxr+y}+zkﬂ%l
L % d '
SRS
Show that V?| V. ; = ;2? where 7 = xi + y] + zk. 10
./

6.(a) UF ARX IRI, WEH w7 TH @9E @ 7, o o & SN g ) wAem e
Ty, T,, T, ¥ HieAl & " & fagall 4, B, C R T4 &, A R 0% &fast &
TATT LT AT, T4 3R S F 919 TR gt A & | 771 {6 0 & 4B 91 BC wwll
%wmnmlammz%lﬁz‘ﬁ%rq |

37
) T, T, T T, & &WcHs AT = 2
W h 1 3 1+ 2cosf3
5w
(11) . o,

A heavy string, which 1s not of uniform density, 1s hung up from two points. Let

T, T,, T3 be the tensions at the intermediate points 4, B, C of the catenary
respectively where 1ts inclinations to the horizontal are in arithmetic progression
with common difference f. Let @, and w, be the weights of the parts 4B and BC

of the string respectively. Prove that
37,
1+ 2cospf

(1) Harmonic mean of 7|, 7, and 75 =

I w
(ii) -?;;- = 5;— 20
6.(b) | AwwiEd (YHHA) RO H QT G HHIE
d*y dy

—— 4+ (tanx — 3cosx
dx? ( )dx

& g ®F § B HifA |

Solve the equation ;

: 2y0052x = cos* x

d’ ;

—é) + (tanx — 3cos ) fi_}_ + 2y cos’x = cos” x

dx dx

completely by demonstrating all the steps involved. 15

HXS-U-MTH 6
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. | ‘ . _!:'~+’:
&l C, xy-THaE A UF Qfvws @9 9% ¢ A F = 5o |
X~ Tty

Evaluate J.F-d?, where C 1s an arbitrary closed curve in the xy-plane and
C

S =y + ]
il
XX+ y

7.(a) HIH mﬁﬁy2+zz=9ﬁmx=2 T URag 89 | F = 2x yf—yzj+4x:2kﬂ
& o eE wgEc wRa & gotivya Hifso |

Verify Gauss divergence theorem for F = 2x* yi — y2 7 4xz°k taken over the
region in the first octant bounded by y* + 2> =9 and x = 2. 20

7.b)  AIHA THIEH :
dy [dy‘*

[5

2
logy = xy == +| =
y logy xyd.x dx

& 91 99 B TG iU |

Find all possible solutions of the differential equation :

2
dy |[dy
2
logy = xy—=+| = | . 15
y-logy Y (de

7.(c)  T& AR F00 g T A Afaad 3K @ uE fOR fawg @ am R qur J2gh @ dfaw
fesn & weifea foranr s @ | afe %ar»h::»a g, @1 tag Hifvm T gemw foxg &

L (g +2h) 39 wEe R FW F geig Tl gae € e @ | ge o fig Sifg f

38 & gR W fag & IR W sfteam S (99 h)(“2+ 2h)” 3
27a

A heavy particle hangs by an inextensible string of length a from a fixed point

. ‘, . . . >
and 1s then projected horizontally with a velocity /2¢gh . If Ea_ > h>a, then prove

that the circular motion ceases when the particle has reached the height Jj-(a + 2h)

from the point of projection. Also, prove that the greatest height ever reached by
(4a — h)(a + 2h)°

the particle above the point of projection is : 15
2]d
8.(a)(i) EAIH YTk F
2 2 .
2x +—2  _1: a>b>0 FIWLT TN A & 9=d T,
ac+A b+ A
& dFHUg Foel 79 i | qufsy fE fgar o 9w @difas ©
7 HXS-U-MTH
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Find the orthogonal trajectories of the family of confocal conics

2 2
AR = 1; a>b> () are constants and A 1s a parameter. -
at+ A b+
Show that the given family of curves 1s self orthogonal. 10
- n | ) dzy dy . .
8.(a)(11) HAdhcel GHIRIT : x = 2x(1 + x)-——-— +2(1 + x)y = 0 &l U¥H g AT Hifera |
b dx
Aq: AGRA FHIER : x j é/ 2x(1+ x) . A 2(1+ x)y = x> & W= fa=R
¥
fater gr1 ' ifSo |
Find the general solution of the differential equation:
2
.1 ; 2x(1 + x) £2(1+x)y = 0.
dx dx -
Hence, solve the differential equation : x* g ;) 2x(1 + x) d_y +2(1+ x)y = x°
X X
by the method of variation of parameters. 10
8.(b)  THAW m o UH F0I, S K yEdwr fawg § 9 4 & @7 &fqs foam & w9 Fw
ddldaﬁﬁ‘aﬂﬁﬁ&ﬁv fog ¥ PR Al FEERR dHad A wEud T S g,
I T TIT 9G H qUIF DI | Ffe FO ST Tolig @ I FEARR GATA H T
4/g & g wafed feam Srar 8, @ I gat & offel & fagog & it fuiia
HITST |
Describe the motion and path of a particle of mass m which 1s projected in a vertical
plane through a point of projection with velocity « in a direction making an angle
6 with the horizontal direction. Further, if particles are projected from that point in
the same vertical plane with velocity 4\@, then determine the locus of vertices of
their paths. 15
8.(c) T UHA & IWEN &Rd gU J'J'(fo)-ﬁdS &1 7 fAeforn, et €
S
(X +y =) +3xy] + Quxy+2)k TS, TEAAA z=4—(x? +y°) &I
Xy-THAT ¥ TR F IB B | TGl A, S TR Thd digHal AHAS Gieyl 2 |
Using Stokes’ theorem, evaluate H(V x F )-ndsS,
where F = (x* +y—4) +3xy)+ (2xy +2%)k and S is the surface of the paraboloid
=4 —(x* +1°) above the xy-plane. Here, 5 is the unit outward normal vector
on 3. 15
HXS-U-MTH 8
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